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HYPERPLANE SECTIONS AND DERIVED CATEGORIES 


ALEXANDER KUZNETSOV 


Abstract. We give a generalization of the theorem of Bondal and Orlov about the derived categories of 
coherent sheaves on intersections of quadrics revealing its relation to projective duality. As an application 
we describe the derived categories of coherent sheaves on Fano 3-folds of index 1 and degrees 12, 16 and 18. 
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Introduction 


One of the most promising directions in modern algebraic geometry is the systematic use of derived 
categories of coherent sheaves [B02]. Derived categories introduced by Verdier back in 1967 recently 
attracted a lot of attention due to the progress in understanding of their role in the modern geometry. 
It was realized that geometric similarity between different algebraic varieties sometimes is only the tip 
of the iceberg and is a consequence of a deeper relation which can be expressed as an equivalence 
of appropriate categories. Take for example the McKay correspondence. The story began in 1980 
with John McKay’s discovery [McK] of a correspondence between irreducible representations of a finite 
subgroup T C SL(2,C) and vertices of an affine Coxeter-Dynkin diagram of type A,D,E. A geometric 
interpretation of this correspondence incorporating a resolution of the simple surface singularity C^/T 
was given by Gonzalez-Sprinberg and Verdier [GSV] in 1983. Kapranov and Vasserot [KV] have shown 
that the derived category of coherent sheaves on the resolution of C^/T is equivalent to the derived 
category of coherent T-equivariant sheaves on C^. See also [BKR] for a beautiful generalization. 

Another example of this sort is the theory of intersections of quadrics. Glassically, it was formulated as a 
correspondence between intersections of quadrics and determinantal loci in the corresponding linear spaces 
of quadrics [T]. The geometric meaning of this correspondence was discovered in [DR]. In the particular 
case of the intersection of a pencil of even-dimensional quadrics one should consider the hyperelliptic 
curve, obtained as a twofold covering of parameterizing quadrics in the pencil with ramification at 
the points of corresponding to degenerate quadrics. It was shown in loc. cit. that the moduli spaces 
of rank 2 vector bundles on this hyperelliptic curve can be described in terms of linear subspaces in 
the intersection of quadrics. Bondal and Orlov in [BOl] gave a categorical meaning to this by proving 
that the category of coherent sheaves on the hyperelliptic curve embeds fully and faithfully into the 
derived category of the intersection of quadrics. Finally, Bondal and Orlov [B02, B04] stated a theorem 
describing the structure of the derived category of a complete intersection of any number of quadrics. 
Roughly speaking it says that for any family of quadrics L C S'^W* in an even-dimensional vector space W 
there exists a sheaf of finite algebras Al on the twofold covering of P(T) ramified at the degeneration 
locus such that 

Theorem 1 ([B02, B04]). 7/2 dim L < dim IF then there is a semiorthogonal decomposition 

V\Xl) = (D'’(Coh(ML)),Ox^,...,OxJdimIF-2dimL-l)), 

and i/2dimL = dim IF then there is an equivalence of categories V^{Xl) = 'D^{Coh{AL)), where Xl 
stands for the complete intersection of quadrics in the family L, and 7J^(Coh(ML)) stands for the derived 
category of sheaves of coherent AL-modules. 

Let us explain the relation of this theorem to projective duality. 

Note that the intersection of quadrics X^ can be considered as a linear section of the Veronese subva¬ 
riety X = P(1F) C P(5^IF) by the linear space P(7y-*-) C P(5'^1F), where L-*- C 5^1F* is the orthogonal 
subspace to L C S'^W*. On the other hand, the sheaf of algebras Ml on P(7y) C P(5^1F*) can be 
extended to a sheaf on the whole P(5^1F*). Actually, this sheaf is just the sheaf of even parts 

of the universal Glifford algebra, i.e. 

Mp(5'2^*) = CJp('5'2^4/*) 0 A^IF 0 Op( 52 ^*)(— 1 ) 0 • • • © A^"'1F 0 Op^g2]yt'j(—n) 

with the Glifford multiplication. Consider P(S'^1F*) with the sheaf of algebras Mp( 52 ^*) as a noncom- 
mutative algebraic variety, in fact a noncommutative finite covering of P(S'^1F*). One of consequences 
of theorem 1 which we would like to stress on is 

the set of critical values of the projection (P(5^1F*), Mp( 52 ^*)) ^ P(5^1F*) 

coincides with the projectively dual variety X"^ C P(S'^1F*). 
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Indeed, since the projection (P(S'^VF*), ^ P(5^VF*) is flat, a point H G P(5^iy*) is its critical 

value if and only if the fiber is singular. The singularity of an algebraic variety is equivalent to Ext- 
boundedness of its derived category of coherent sheaves. Thus the set of critical values coincides with 
the set of H ^ P(5^IT*) such that the category 'D^{Coh{AH)) is not Ext-bounded. Looking at the claim 
of theorem 1 we see that this happens if and only if the category T>^{Xh) is not Ext-bounded, i.e. if 
Xh is singular. But Xh is the hyperplane section of X C P(S'^VL) by the hyperplane H € F{S‘^W*), so 
recalling the definition of the projective duality we see that the set of critical values coincides with the 
projectively dual variety. 

In fact, from the homological point of view the noncommutative variety (P(5^IL*), is a 

better candidate to be called the projective dual of X then X^. It not only describes the set of singular 
hyperplane sections but also remembers nontrivial parts of their derived categories (for example, the 
triangulated category of singularities [03] of Xh is equivalent to the triangulated category of singularities 
of the fiber of the projection (P(5^IT*), ^p( 52 ^*)) ^ P(5^IL*) at H), in particular contains a lot of 
information about the singularities they have. So, it would be reasonable to say that (P(5^IT*), ^p( 52 ^*)) 
is a Homologically Projectively Dual variety of X. The above considerations suggest that given an 
algebraic variety X C P(I^), its homologically projectively dual variety should be defined as an algebraic 
variety Y with a morphism g :Y ^ P(F*) and a sheaf of noncommutative algebras Ay on Y, such that 
for any hyperplane H C V* the nontrivial part of the derived category D^{Xh) is equivalent to the derived 
category D^{Yh,Ay) (roughly speaking, there exists a fully faithful embedding 'D^{Yh,Ay) T)^{Xh) 
and the orthogonal to D^{Yh, Ay) in D^{Xh) is Ext-bounded). 

I am convinced that the Homological Projective Duality exists for a large class of algebraic varieties. 
In this paper we show how to construct a homologically projectively dual for a small class of varieties. 
Assume that X is a smooth projective variety admitting an exceptional pair of vector bundles 
such that 

(*) {El ® Op(y)|x(l),-£^2 ® Op(^v)\x{f), ■ ■ ■ ,Eii^ C’p(y)|x(0) Ei (g) Op(y)|x(0) 

is an exceptional collection, where i is the index of X (i.e. tax — Clp(V')(“*)|x)- In this case Y can be 
constructed as a moduli space of stable representations (i?i,i? 2 ) of the quiver 

Hom(i?i,i? 2 )* 

Q = •- 

such that the cokernel of the corresponding map Ri Ei R 2 0 E 2 is supported on a hyperplane 
section of X. The moduli space Y carries a sheaf of Azumaya algebras Ay and a universal family 
of representations {Fi,F 2 ) in the category of Ay-modules (the Azumaya algebra Ay corresponds to 
the element in the Brauer group which is the obstruction to the existence of a universal family, so in 
the category of Ay-modules the universal family exists). Moreover, associating to a point of Y the 
support hyperplane of the cokernel of the corresponding map Ri0 Ei —> i ?2 (g) E 2 we obtain a projection 
g -.Y P(I/*). Denoting as above Xl = X n P(L^), Yl = Y Xp(y*) P(T) = g~^{F{L)) we prove that; 

Theorem 2. Assume that both Xl and Yl are compact and have expected dimension. If r = dimL < i 
then there is a semiorthogonal decomposition 

V\Xl) = {V\Yl, Coh(Ay)), Hi(l), E2{1), ..., Hi(z - r), E 2 {i - r)), 
and if r = dim L > i then there is a semiorthogonal decomposition 

V\Yl , Ay) = {V\XL),Ff{i-r),Ff{i-r),...,Ff{-l),Ff {-!)). 

In particular, for dimL = i we have an equivalence of categories V^{Xl) = V^iYi, Coh(Ay)). 
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In fact instead of giving a direct proof we extract a list of conditions on X, (Ei,E 2 ), (V,Ay), and 
(El, F 2 ) which imply the claim of the theorem. In some cases (when one can guess what Y is) this allows 
to skip the construction of Y at all. The proof of the theorem splits into two principal parts. In the 
first part we check the case dimL = 1, the case of hyperplane sections of X. In the other words, we 
prove there that Y is homologically projectively dual to X. It turns out that the second part, the case 
of dimL > 1, follows from the first part more or less formally. Thus the above theorem in a sense is a 
consequence of homological projective duality. 

A few words about the assumptions on the subspace L made in the theorem. First of all, the com¬ 
pactness of Xl is not a restriction, since X is projective. On the other hand, the compactness of Y^ is 
the most serious restriction. The problem is that Y may not be compact (we constructed T as a moduli 
space of stable representations, and stability is an open condition). In fact, this problem arises because of 
imperfection of the construction of T (see below). In fact we expect that it is always possible to construct 
a compact Y such that the theorem holds. In this case the assumption of compactness of will hold 
automatically. Finally, the assumptions on the dimension of and Y^ also can be taken off. However in 
this case we must be more accurate in the definition of and Y^. In fact, the correct definition of both 
Xl and Yl is the “derived” fiber product Xl = X P(L^), Yl = Y IP(-b). As a topological 

space it coincides with the usual fiber product, but in a contrast with the usual case it is ringed with 
a certain sheaf of DG-algebras instead of the usual sheaf of functions. Correspondingly, the categories 
V^{Xl) and 'D^{Yl,Ay) are appropriate categories of DG-modules. For instance, the above theorem 
allows to describe a certain category of DG-modules on any noncomplete intersection of quadrics. Since 
any projective variety in sufficiently ample embedding is an intersection of quadrics, this point of view 
seems to be very prominent. 

Now let us discuss some formal consequences of the above theorem. First of all, we would like to 
mention that we haven’t assumed the fullness of the exceptional collection on A we have started from. 
However, take L = 0, then Xl = X, Yl = % and it follows that the collection is full. Thus we have 
obtained a rather unexpected corollary. If a Fano variety admits an exceptional collection of the form (*) 
then (*) is full. Similarly, assume that Y is compact and take L = V*. Then Xl = fb, Yl = Y and it 
follows that the collection 


{E^{i - N),Fl{i - A),... ,F2*(-I),Fi*(-1)), 

where N = dimH is a full exceptional collection in T>^{Y,Ay)- 

It also worth mentioning that the above theorem holds not only for individual linear sections of A 
and y, but also for families. In fact, the proof is based on investigation of families. For example, for the 
universal family Xi of hyperplane sections of A (which is a divisor of bidegree (1,1) in A x P(H*)) the 
family Ti C A x P(H*) of orthogonal linear sections of Y coincides with the graph of the projection g. 
The relative version of the theorem in this cases claims that there is a semiorthogonal decomposition 

V\Xi) = {V\Y, Ay),V\^{V*)) ® Ai(l),..., V\^{V*)) ® E2{i - 1)) 

if Y is compact. This decomposition suggests a categorical definition of the compactification Y of Y: 

V\Y,Ay) = {V\F{V*)) ^ Ei{l),... 0 E2{i - 1))^ C V\Xi). 

In fact, one could take this for the definition of the homologically projectively dual variety of A, if only 
there were a possibility of proving that the above category is geometric. 

Now let us describe what our approach gives in the case we have started from, i.e. for the intersection 
of even-dimensional quadrics. In this case we take A = P(IT), W is even-dimensional, the Veronese 
embedding A C P(S^IT) = P(H), and the exceptional pair {Ei,E 2 ) = (Op(u/), Op(vu)(l)) (note that 
Op(y)[x(l) — Clp(iv)(2), so the collection {*) is the standard exceptional collection on P(IT)). The 
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discussed above moduli space of representations of the quiver however doesn’t give the whole P(5'^iy*), 
but only the open part V = \Z, where Z is the locus of quadrics of corank 2. Thus, rigourously 

speaking at the moment our method proves theorem 1 only for dimL < 3. 

One of explanations why the quiver approach doesn’t give the whole P(5'^1T*) at the output is the 
fact that the sheaf of algebras fails to be Azumaya over Z, while using the quiver approach we 

only can get an Azumaya algebra. However, we expect that there exists a certain algebraic stack Y with 
the underlying algebraic variety P(5^1T*) such that the sheaf of algebras comes from a sheaf of 

Azumaya algebras on Y. This suggests that it might be better in general situation to consider a moduli 
stack of the quiver representations instead of the moduli space. 

Correspondingly, in the general situation one can try to find an appropriate stack compactification 
Y of the moduli space Y such that the sheaf of algebras Ay (and the universal family as well) can be 
extended to a sheaf of Azumaya algebras Ay- 

Another possible approach to the construction of a Homologically Projectively Dual variety is to avoid 
the use of quivers at all and to construct T as a moduli spaces of appropriate objects (e.g. spinor bundles) 
in the derived category of coherent sheaves on X which are supported on hyperplane sections of X. 

In fact, in both cases the main obstacle is absence of a good categorical theory of moduli spaces (an 
output of a good theory of moduli spaces must be in general a noncommutative algebraic variety). 

Now it is time to describe the contents of the paper. In section 1 we introduce the notation and state 
the main result of the paper, theorem 1.2. In section 2 we introduce the homological background. We 
define exact cartesian squares and faithful base changes in subsection 2.4 and prove the main technical 
results: the faithful base change theorem 2.45 and the relative version of the Bridgeland’s trick 2.50. In 
section 3 we make the first step of the proof of theorem 1.2 and in section 4 we finish the proof. In 
section 5 we describe the general construction of Y from X via the quiver moduli spaces. In section 6 
we give some examples where theorem 1.2 works. In appendices A, B and C we work out some details 
relating to these examples. Finally, in appendix D we check the basic facts about the derived categories 
of coherent ^-modules, where ^ is a sheaf of Azumaya algebras. We pay also special attention to the 
relation of complexes of finite Tor and Ext-amplitude to perfect complexes. 

Acknowledgements. I am grateful to A.Bondal, D.Orlov, D.Kaledin and A.Samokhin for useful 
discussions. Some of the results of this work have been presented at the conference “Noncommutative 
Algebra and Algebraic Geometry” in the University of Warwick. I would like to thank organizers for this 
possibility. 


1. Statement of results 

As it was indicated in the introduction, we start with presenting a set of conditions on a pair of 
algebraic varieties X and Y implying their homological projective duality. 

Assume that we have the following data: 

(D.l) a smooth, projective variety X with an algebraic morphism to a projective space f : X ^ IP(l^); 
(D.2) a pair of vector bundles {Ei, E 2 ) on X; 

(D.3) an algebraic variety Y with a sheaf of Azumaya algebras Ay and a projective morphism 
g '.Y — > P = P(U*) — Z, where Z C P(U*) is a closed subset in the dual projective space; 

(D.4) a pair of locally projective Ay-modules (Fi, F 2 ) on Y ; 

(D.5) a linear morphism 0 : Hom(Fi,F 2 )* —> Hom^y (Fi, ^ 2 )- 

Given such a data we denote 

• IT = Hom(Fi,F2)*; 

• N = dimU; 
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• Q C P(y) X P(y*) — the incidence quadric; 

• Q{X,Y) = {X X Y) Xp(-y)xP(y*) Q and i : Q{X,Y) ^ X xY — the embedding. 

The incidence quadric Q C P(y) x P(y*) is a divisor of bidegree (1,1). Its fiber over a point H G P(I/*) 
is the corresponding hyperplane in P(y) which we denote by the same letter H C P(y). Similarly, the 
fiber of Q{X,Y) over a point H € P(y*) is the hyperplane section Xh = X f] H of X. Abusing the 
notation we call Q{X, Y) the incidence quadric too. Note, that it follows from the condition (C.l) below 
that the incidence quadric Q(X,Y) is a divisor of bidegree (1,1) on X x Y. 

The map cj) :W ^ Hom_ 4 y (Ti, T 2 ) = Hom_ 4 y , F^) induces the following evaluation homomorphisms 
IT 0 Ti ^ T 2 and IT 0 F^. Tensoring the first by F 2 and the second by Fi and summing up we 

obtain a homomorphism 

• IT 0 T 2 Kl Ti-——^ F 2 ^ F 2 S) F^ 01 Ti on T X T. 

On the other hand, composing the evaluation homomorphism IT 0 Ti F 2 tensored by E 2 with the 
coevaluation homomorphism Ei ^ W 0 E 2 tensored by Fi we obtain a homomorphism 

• E^ 0 T\- E 2 ^ E 2 on X X Y . 

Assume that our data satisfies the following list of conditions: 

(C.l) f{X) is not contained in a hyperplane in P(T); 

(C.2) ujx — Ox{-i) := i > 0; 

(C.3) (Pli(l), £' 2 ( 1 ),..., Pli(f), Pl 2 (f)) is an exceptional collection, 

(i.e. Ext*(£s,£s) = k for s = 1,2 and ^xt*{Es{k),Et{l)) = ^ioii>k>l>loTk = l and s > f), 
and additionally Ext^°(£i,£ 2 ) = 0; 

(C.4) g is projective; 

(C.5) Coker ad(())) = A*Av on T x T, where A : T —> T x T is the diagonal embedding; 

(C.6) Kere = 0 and Coker e = TT, where £’ is a coherent Ay-module on Q(X,Y); 

(C.7) dimX + N — codimyxY(T Xp(y*) Y) = 2i; 

(C.8) for any hyperplane H C P(T*) we have dim(Z f] F[) < N — i — 2. 

The integer i defined in condition (C.2) is called the index of X. If Z is irreducible and is not contained 
in a hyperplane in P(T*) then the condition (C.8) is equivalent to dimZ < N — i — 1. 

For every linear subspace L C V* we denote Xl = X Xp(y) P(L^) and Yl = Y Xp(y*) P(T). 

Definition 1.1. A subspace L C T* is admissible, if 

(a) dimXi = dimX — dimL, 

(b) dimTi = dimT -I- dimL — N, and 

(c) P(L) n Z = 0. 

Note that condition (c) above together with (C.4) implies that Yl is compact. 

Theorem 1.2. If conditions (C.1)-(C.8) are satisfied then 

1) Y is smooth and eoy — Cly(z — N); 

2) for any admissible subspace L dV* there exist semiorthogonal deeompositions 

V\Xl) = {V\YL,AY),Ei{l),E 2 {l),...,Ei{i-r),E 2 {i-r)), if r < i 

V’>{Yl,Ay) = {V’>iXL),Ffii-r),Efii-r),...,Ffi-l),Efi-l)), ifr>i, 
where r = dimL. 

Now let us sketch the proof of the theorem, assuming for simplicity that Z = 0. First of all, to avoid 
problems which arise when one works with derived categories of singular varieties, we replace individual 
linear sections A/,, Yl oi X and Y by the universal families of linear sections A). C A x Gr(r, T*), 
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yr C Y X Gr(r, V*), which enjoy the property to be totally smooth. We note that the natural projection 
^Cr{r,v*) Yr X X Y factors through Q(X,Y) and denote by £r the pullback of the sheaf £, defined 
by condition (C.6). Then the objects £r on TV XQr(r,v*) W C TV x W; considered as kernels, provide 
us with functors -Ay) —> T’^(TV). Consider also their left and right adjoint functors • 

V^{Xr) V^{yrjAY)- Now the proof goes in several steps: 

Step 1; We note that Yi = Y and prove that the functor <l>i : V^{Y, Ay) T’^(T’i) is fully faithful. 
This is done by explicit computation of <l>j o <f>i. The convolution of kernels of these functors is 
shown to be isomorphic to the sheaf Coker ad((/>) on T x T, which by condition (C.4) gives the 
identity functor on V^{Y,Ay), see details in section 3. 

Step 2: We prove that the functor ^ T)^{Xr) is fully faithful for all r < i by 

induction in r and that the collection 

{V\yr,AY),V\Grir, C*)) ® E,{1 ),..., V\Gr{r, C*)) ® E^ii - r)) 

is semiorthogonal in T’^(TV), see details in subsection 4.3. 

Step 3: We use the Bridgeland’s trick in relative situation. Note that the relative canonical bundle 
of TV over Gr(i, V*) is given by ‘jJXilQx{iy*) — det where Li is the tautological rank i subbundle 
on Gr(i, V*). Thus TV is a family of CalabCYau varieties over Gr(z, V*). On the other hand, the 
functor is Gr(i, C*)-linear (i.e. commutes with tensoring by pullbacks of bundles on Gr{i, C*)). 
We show in subsection 2.7 that a relative version of the Bridgeland’s trick (proposition 2.50) 
works in this case, so is an equivalence, and ujy^/Qr{i,v*) — detT*, see details in subsection 4.4. 
Step 4; We use descending induction in r to check that = detC*{i — r), where Lr is 

the tautological rank r subbundle on Gr(r, Y*), see details in subsection 4.4. 

Step 5: We use descending induction in r to check that the above semiorthogonal collection in 
D^(TV) is full. In other words, we prove that we have a semiorthogonal decomposition 

V\Xr) = {V^Yr, Ay), V\G^{r,V*)) ® Ei{l), .. . ,V\Gr{r,V*)) ® E 2 {i - r)), 


for all r < i, see details in subsection 4.4. 

Step 6 : By induction in r we show that for all r < i the functors : T>^(TV) — > take the 

exceptional pair (£^o(l)) (1)) to the pair (F 2 *, Tf) up to a twist and a shift, where Eq is the muta¬ 

tion of E 2 through El, (that is Eq is defined from the exact triangle Eq —> W*^Ei £’ 2 )- It fol¬ 
lows that (T>^(Gr(r, V*))i^F 2 {i — r),... ,T>^(Gr(r, Y*)) (—1)) is a semiorthogonal collection in 

£^(Tr,-4y) for all r > i. In particular, it follows that {E^ii —N), E^{i —N),..., F^i^—l), E^{—1)) 
is an exceptional collection in V^{Y,Ay) (if Z = 0), see details in subsection 4.5. 

Step 7: We use ascending induction in r to check that 

V^Yr, = {V\Xr),V\G^{r, V*)) ® F2*(^ -r),..., £^Gr(r, Y*)) ® FH-l)) 


for all r > i, see details in subsection 4.6. 

The inductions steps are based on the following construction. Consider the partial flag variety Fl(r — 
1, r; V*) and the tautological subbundles £r-i C Lr C V* C>v\(r-i,r-y*) of rank (r — 1) and r on it. Let 


^Cr-i = ‘^r-i XGr(r-i,v*) Fl(r - l,r;V*), 
Ycr-i = yr-i XGr(r-i,y*) Fl(r - l,r;V*), 


YCr = XGr(r,y*) Fl(r - l,r;V*), 
=3^rXGq,,y*) FI(r-l,r;C*). 


Then Xc^ is a divisor in Xc^_^, Ycr-i is a divisor in Ycr^ and we have the following diagrams 


Ycr ^ yc.-l 
0 

Tr-1 


^£.-1 


and 


Tf. 


T,_ 


r—1 
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where morphisms ^ and r] are divisorial embeddings, while (p and are the projections. Moreover, the 
pullbacks £cr-i and £cr of £r-i and £r via the projections Xcr-i ><Fi{r-i,r;V*) 3^£r-i ^ XGr(r-i,v*) 
yr-i and Xcr ^ XGr(r,v*)3^r provide US with the functors ^Cr-i and ^Cr between the 

corresponding derived categories. Since all these functors originate from the same object £ on Q{X,Y), 
we can find a certain relations between them, see details in subsection 4.2. 

Finally, when steps 1-7 are performed, we can deduce the theorem. For the first claim we consider 
r = 1 and note that 3^1 = Y. Hence we have a semiorthogonal decomposition 

= {V^{Y,AY),'D^mV*)) 0 Ei{l),... ,V^{F{V*)) (S) E2{i - 1)), 
and an isomorphism ujy/w{V‘) — — 1) — Oyii)- This immediately implies 

UJY — ^Y/W{v*) ® “ y)- 

On the other hand, since Xi is smooth we deduce that 'D^{Y, Ay) being a semiorthogonal component of 
an Ext-bounded category T>^{Xi) is Ext-bounded, hence {Y,Ay) is smooth. 

Finally, the second claim of the theorem is deduced by a base change argument for the base change 
Speck ^ Gr(r, H*) corresponding to an admissible r-dimensional subspace L C V*, using the faithful 
base change theorem 2.45. 

The next question we address is how to construct Y starting from X. More precisely, assume that we 
have data (D.l) and (D.2) satisfying conditions (C.1)-(C.3). How to construct data (D.3)-(D.5) such 
that conditions (C.4)-(C.8) are satisfied? We propose the following approach. Since we must have a 
morphism (/>i : VF iX) Ti ^ F 2 on Y, it is natural to construct T as a subscheme in the moduli space 

of representations of the quiver Q = • ^ The condition (C.6) suggests that the dimension vector 
{di,d2) of the representations must satisfy 

d{di,d2) = d2 rank(£'2) — di rank(£'i) = 0 . 

Note that by this condition the dimension vector is defined only up to a multiplicative constant. Let Rm 
denote the representation space of the quiver Q for the dimension vector {di,d2) satisfying the above 
condition with gcd(di,(i 2 ) = and let {TZi,TZ 2 ) be the tautological family of representations. Then 
(C.6) suggests to consider the following GIT-quotient 

Y^ = {{p, H)eRmX P(H*) I supp Coker(.Ei ® TZip ^ E 2 0 772p) = X n H}//^G, 

where G = GL{di) x GL((i 2 )/k* and x{91j92) = det( 5 ri)“det( 5 r 2 )'’^"'^*''®^^ is a character of G. Note 
that to obtain a universal family of quiver representations on Y^ we have to consider a sheaf of Azumaya 
algebras on Ym- Moreover, if we want (C.5) to be satisfied we have to restrict to the stable locus, thus 
replacing Ym with Ym = \ Zm), where pm ■ Ym —> P(H*) is the canonical projection and 

Zm = ^ 2 k<m 9 k{Zk)- Then under some mild additional assumptions we can show that (C.4)-(C.6) are 
indeed satisfied for Ym- It remains to choose m in such a way that (C.7) holds and to hope that (C.8) 
would be true for this m. This choice and verification of (C.7) are the most cumbersome part of the work 
and must be done for each case separately. 

2. Homological background 

This section is designed to develop some machinery for working with derived categories in relative 
situation. The main results are the faithful base change theorem 2.45 and a relative version of the 
Bridgeland’s trick 2.50. Since we need these results to be applicable to the derived categories of sheaves 
of modules over sheaves of Azumaya algebras, we must work in the corresponding category. 

We define an Azumaya variety (X, Mx) as an embeddable algebraic variety of finite type X over a field 
equipped with a sheaf Ax of semisimple Ox-algebras, such that Ax is locally free over Ox- A morphism 
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of Azumaya varieties / : {X,Ax) {Y,Ay) consists of a morphism /o : A —> y of the underlying 
algebraic varieties and a homomorphism of Ox-algebras : f^Ay Ax- Thus we treat Azumaya 
varieties as ringed spaces with Ax playing the role of a sheaf of rings. Azumaya varieties form a category, 
which contains the category of usual embeddable algebraic varieties as a full subcategory (the embedding 
functor takes X to (A, Ox))- 

Below we will work in the category of Azumaya varieties. To unburden the notation we will often write 
A instead of (A, ^x) when it is clear which sheaf of algebras is used, or when it doesn’t matter. The 
necessary background on Azumaya varieties is contained in appendix D. We define there the functors /*, 
/*, /', 'S>Ax RTiorriAx^ check that all usual relations between them are satisfied. Here we shall 
only mention that a morphism / is called strict if /a is an isomorphism, and that for a strict morphism 
/ we have f* = /* and /' = /■. 

The base held k is assumed to be an algebraically closed held of zero characteristic. 

2.1. Kernel functors. We denote by 'Dq^{X), V~^{X), P+(A) and Vqc{X) the bounded, the bounded 
above, the bounded below and the unbounded derived categories of quasicoherent sheaves on an Azumaya 
variety A. Further, T>{X) stands for the unbounded derived category of quasicoherent sheaves on A with 
coherent cohomologies, and similarly for T)^[X), T>~{X) and T>~^{X). Finally, T>p®'’^(A) stands for the 
category of perfect complexes. 

Whenever we wish to emphasize the role of an Azumaya algebra on A, or want to point out it explicitly, 
we use the notation D(A, .4x) e.t.c. 

For an object F G F>(X) we denote by 7F{F) the i-th cohomology sheaf of F. For any integers a <bwe 
denote by Dt“’^l(A) the full subcategory of T’(A) formed by objects F such that W{F) = 0 for i ^ [a, b]. 
Similarly, we dehne D-“(A) and D-“(A). For a morphism / : A —> A we denote by /*, f* and /' the 
derived pushforward, the derived pullback and the twisted pullback functors. Similarly, (8)^^ stands for 
the derived tensor product and RHoniAx stands for the derived local Hom-functor. 

Lemma 2.1. If f ■. X —>Y is a morphism of Azumaya varieties, F € T>~(X), G € F>~^(Y) and supp(F) 
is projective over Y, then /* R7f f'G) = RHomAYif*^'-, G). 

Proof: Let A be a scheme-theoretical support of F and let i : A ^ A denote the corresponding closed 
embedding, so that F = where F' G 'D~{Z). Then both i and f o i : Z ^ Y are projective. 

Using the functoriality of the twisted pullback and the usual duality theorem for i and f oi (see [H] and 
lemma D.34) we deduce 

/* RnomAx{F,f-G) = /* RHomAxiFF'j'G) ^ fj, RHom^^l^(F',i'/'G) ^ 

^ if O i)* RHomAx^ziF', if o ifC) ^ RHomAyHf o i),F',G) ^ RHomAyi^F, G). 

□ 

Let Ai, X 2 be Azumaya varieties and let pi : Ai x X 2 —> Aj denote the projections. Take any 
K G ^“^(Ai X X2,Afx'^ Kl . 4 x 2 ) and define functors 

^k{Fi) := P2*(ptoTi K), ^^(^ 2 ) := Pu RUomAx^ (-^,pL^2 )- 

Then <hx is an exact functor P^(Ai) —> Vf^[X 2 ) and <1>)^ is an exact functor P+(A 2 ) —> P+(Ai). We 
call the kernel functor with kernel K, and the kernel functor of the second type with kernel K. 

Lemma 2.2. If Ai is smooth and K G PP®'’*'(Ai x A 2 ) then the functor is isomorphic to the usual 
kernel funetor with kernel (A, cjxi Kl .4x2)[dim Ai]. 

Proof: Follows from D.7, D.25 and D.26. □ 
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Lemma 2.3. Any morphism of kernels cj) : K ^ K' induces natural morphisms of kernel functors 
(/>* ; ^K', 4>' • Vf is an isomorphism, then both and 4>' are isomorphisms. 

Proof: Evident. □ 

Lemma 2.4. (i) If K has coherent cohomologies, finite Jor-amplitude over Xi and supp(ii') is projective 
over X 2 then takes 'D’^{Xi) to 'D^{X 2 ). 

(if) If K has coherent cohomologies, finite E.xt-amplitude over X 2 and 5upp{K) is projective over Xi then 
takes V^{X 2 ) to V\Xi). 

(iff) If both (i) and (if) hold then is right adjoint to ^k- Moreover, takes {Xi) to V'^^'^\X 2 ). 

Proof: (i) If K has finite Tor-amplitude over Xi then K = q\Fi ^ bounded for 

any Fi G V^{Xi), and its support is projective over X 2 . Therefore <I>i^(Fi) is bounded and has coherent 
cohomologies. 

(if) If K has finite Ext-amplitude over X 2 then (ii', ^ 20 ^ 2 ) = R7Yom_4^Pig,_4^^ (K, ^ 2 .^ 2 ) is 

bounded for any F 2 G T>^{X 2 ), and its support is projective over Xi. Therefore <h)^(F 2 ) is bounded and 
has coherent cohomologies. 

(iff) If both (i) and (if) hold then using lemma 2.1 we deduce 
Hom^^^(Fi,4>)^(F2)) = (Fi,pi^ RnomAx^{K,p2oF'2)) = 

^ HomAx,{p*ioF'i,^MomAx2{K,P2oI^2)) = ^omAx^iplo^'i 'S)Ax, = 

^ Hom^_^^(p2*(Ko^i «'.4xi K),F'2) = Hom^^j4>x(Ei),F2) 

for all El G F^{Xi), F 2 G V^{X 2 ). Moreover, the arguments in (if) show that <I>)^ has bounded coho- 
mological amplitude, hence adjointness implies that takes perfect complexes to complexes of hnite 
Ext-amplitude, that is to perfect complexes (see D.44). □ 

Lemma 2.5. If K is a perfect complex, X 2 is smooth and supp(E) is projective both over Xi and over 
X 2 , then the kernel functor ■ ^^(^ 2 ) ^ where 

:= RHomAx^{K,Axi Kl t(;x2[dimX2]), 

is the left adjoint functor to the kernel functor : F^{Xi) V^{X 2 ). 

Proof: Indeed, supp(ii''^) = supp(E) is projective over Xi, hence by lemma 2.1 we have 

RHom^_„^(4>^#(E2),Ei) = RHom^^^ (pi^(p^„E2 K*),Fi) ^ 

^ RHom^^^ (p^^Fs ®Ax., K*,p\^Fi) ^ RHom^^^(p;„F2,PioEi ^A*x^) - 

^ RHom^^^(F2,p2*(Eio^i 

On the other hand, = K ®Ox^xx., dunX2], and p\^Fi (goxjxxj = pIo^i, so 

the RHS equals to RHom_ 4 ^^ (E 2 , 4>x(Ei)). □ 

Consider kernels K 12 G F~{Xi x X 2 ,Afix'^ Kl . 4 x 2 )) -fi "23 G F~{X 2 x Kl Axfij- Denote by 

Pij : Xi X X 2 X X 3 Xi X Xj the projections. We define the convolution of kernels as follows 

K23 o Ki2 := P 13 *( Pi 2 o ^12 ^Ax2 P230K23), 

Similarly, if E 12 G T>^{Xi x X 2 , A°x'^MAx 2 ) and if ’32 G V~{X^ x X 2 ,Ax 2 we define the convolution 

of the second type of kernels: 

Kii2 * Ei 2 := pi3* (^ 230 ^ 32 ,^ 120 ^ 12 )- 
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Lemma 2.6. For K 12 G T) {Xi x X 2 ), K 23 € F {X 2 x X 3 ), K 32 G F> (X 3 x X 2 ) we have 

(i) ^K23 ® ^Ki 2 ^K 230 K 12 > 

(ii) ^■ki 2 ° ^X 23 = ^'k 23 oKi 2 ’ ^^PPiPuc^u ^230^23) is projective over Xi x X 3 ; 

(izi) (<^^32 O <^*_ft:i2)|Dperf(Xi) = ‘J’K32*-fS'l2 ? */ ^12 G P^(Xl X X 2 ). 

Proof: The first is standard. For the second we have 

(^^12 °^k'23)(-^3) =Pu ^T-iomAx^{Ki2,P2oP2* RWom^^fg(-^ 23 ,^ 30 ^ 3 )) = 

= R'^Om^2,JiFl2,Pl2*P23o R^Omyl2,JiF23,P3o-^3)) = 

= PUP 12 * RHorriAx^ (Pi2o^12, (^ 230 -^ 23 ,^ 230 ^ 30 -^ 3 )) = 

= PUPIS* RT-ioniAx^iphoKu ®ytx2 ^’23o-f^23,Pl3oP3o-^3)) = 

= PU R^Om^,,g(pi3*(pi2o-?Fi2 0Ax 2 PhoK23),P3oF'3)) = ^if230i^l2(^3)- 

Similarly, for the third, if Fi is a perfect complex then we have 

(^^■32 ° ^ii'i 2 )(-^i) =P3* R'HomAx2{K32,AoP2*{ploFi ^Ax-, ^ 12 )) = 

= P3^ RnomAx2iK32,P23*A2oiPloFl ^Ax^ K 12 )) = 

- P3*P23* RiHorUAx^ {P23 oK32,p12oP1oFi ^Ax^ P^UoKu)) = 

= P3*P13* RHomAx^ {P23oK32,P*l3oPloFl ®Ax^ A 20 K 12 )) = 

- P3*{Pl^Fl ®Ax^ Pl3* RiHomAx^ (P23o-f^32,Pl2o-f^l2)) = 

— P3*(Plo-^l ®.4xi (-^32 *-^ 12 ))) = ^K32i<Ki2{Pl)- 

□ 

Assume that ^i,^ 2-,^3 '■ F V are exact functors between triangulated categories, and a : <l>i —> <^ 2 , 
(3:^2^ *^ 3 , 7 : $3 —> <hi[l] are morphisms of functors. We say that 

$1 ^ $2 ^ ^3 ^ $i[l] 

is an exact triangle of functors, if for any object T G P the triangle 

<l>i(F) ^ 2 {F) ^ ^ 3 {F) ^ <hi(F)[l] 

is exact in V'. 

Lemma 2.7. If Ki K 2 K 3 -f^i[l] is an exact triangle in 'D~{X x Y) then we have the 
following exact triangles of functors 

^Ki ‘^iC2 ^K3 ^Ki [1] 

/o' I ' 

P' ^1 7' r-ii 

^K3 ^K2 ^ ^i^3[l] 

Proof: Evident. □ 

Lemma 2.8. Let a : X ^ Y be a finite morphism. 

a) If V is a category and <h : P —> F{X) is a functor such that a* o = 0 then <h = 0. 

b) If X' is another variety, K,K' G V~{X' x X) are kernels and f : K —> K' is a morphism, such that 

morphism of functors Q;*o<h^ 77^ Q;*o<I>/f/ is an isomorphism, then (j)* ■ ^k' is an isomorphism. 
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Proof: a) Since a is finite we have ^{a^G) = a^H'^{G) for any G G 'D{X). Therefore a*(G) = 0 implies 
a*(?f*(G)) = 0 for all i, hence G = 0 in V{X). In particular, q;*$(F) = 0 implies ^{F) = 0 for all F gV. 
b) Let K" be the cone oi cj) : K ^ K' \n T>~{X' x X). Then we have an exact triangle of functors 
^K’ ^K" and it follows that a* o = 0. Therefore, ^k" = 0 by part (a), hence 0* is an 

isomorphism. □ 

2.2. Perfect spanning classes. 

Definition 2.9. A class of objects F C V{X,Ax) is called a perfect spanning class for {X,Ax), if for 
any point x G X there exists an object ^ F^ G F such that 

(1) Fx is a perfect complex; 

(2) HP^Fx) is supported set theoretically at x for all p; 

(3) if po = max{p | 1-F{FA) A 0} then TiP°{FA} = Ax ®Ox 

Lemma 2.10. Any Azumaya variety admits a perfect spanning class. 

Proof: Choose a closed embedding i : X ^ Y with smooth Y and take Fx := Ax ^Ox Fi^^Ox- □ 

Lemma 2.11. If F is a perfect spanning class for X and G is a perfect spanning class for Y then FMQ 
is a perfeet spanning class for X xY. 

Proof: Evident. □ 

Lemma 2.12. Assume that f : X S and g : Y S are morphisms of algebraic varieties. If F is a 
perfeet spanning class in T>{X,Ax) and Q is a perfect spanning class in V{Y, Oy) then p*F ^Ox^sy 
is a perfect spanning class in T>{X Xs Y,plAx), where p : X XsY —^X and q : X XsY —>^Y are the 
projeetions. 

Proof: Evident. □ 

Lemma 2.13. If K G F (^X.^A^^A F‘ is a perfect spanning class for (^X^Ax^ and for all F G F we 
have H*{X,F K) = 0, then AT = 0. 

Proof: Assume that K A ^ and let s be the maximal integer such that 'H^{K) A 0- Choose a point x G 
supp 7-f^(iL), and take an object Fx G F, corresponding to this point. Let t be the maximal integer such 
that 7A'{Fx) a 0- Then it is clear that H^{Fx K) is supported at x for all p, IiA^^^{Fx ®Ax — 0) 
and 

n^+\Fx (^Ax K) ^ n\{Ax ®ox o.) (Fax n\K)) ^ n\n\K) (Fox o.) a o. 

It follows that the hypercohomology spectral sequence for Fx K 

Ef’-? = H<({X,nPiFx 0Ax K)) ^ HP^AX,Fx <Fax K) 

degenerates in the second term, and H^^^{X,Fx 'Fax {Fx Fax ^)) which is a 

contradiction. □ 

Proposition 2.14. If K G 'D~{X x .4y) and the functor ■ F{X,Ax) V{Y,Ay) equals 

zero on a perfect spanning class F for {X,Ax) then K = 0. 

Proof: Choose a perfect spanning class G for {Y, Oy). Then for all F G F, G G G we have 

H^{X xY,{Fm G) Fax K) ^ H'{Y, qA{plF Fax K) Fox.y <llG)) = H%Y, ^k{F) Foy G) = 0. 
Since EKl is a perfect spanning class for {X x Y,Ax), we have AT = 0. □ 
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Corollary 2.15. If the morphism of kernel functors —>■ ^k' with K,K' G 'D~{X x Y), induced by a 
morphism of kernels (f : K ^ K' is an isomorphism on a perfect spanning class T for X, then ip is an 
isomorphism. 

Proof: Let K" be the cone oi (p : K ^ K' in T)~[X x Y). Then we have an exact triangle of functors 
^K" and it follows that ^k" equals zero on the perfect spanning class J-. Therefore, 
K" = 0, hence is an isomorphism. □ 

2.3. Koszul complexes. If {X,Ax) is an Azumaya variety, V is a vector bundle on its underlying 
algebraic variety X, s G r(X, V) is a section (possible nonregular) of V, then we denote by Koszx(s) the 
Koszul complex of s considered as an object of the derived category 'D^{X, Ax)' 

Koszx(s) := {0 ^ Ax —^ • • • —^ V* ^Ox Ax 0} 

with Ax placed in degree 0. Assume that X is Cohen-Macaulay. Recall that a section s is regular if the 
codimension of the zero locus Z(s) C X of s is equal to the rank of V. It is well known that for regular 
section s we have Koszx(s) = i*Az(s)i where i : Z{s) ^ X is the embedding and Az(s) = Ax\z(s)- 

Lemma 2.16. Assume that X is a Cohen-Maeaulay variety. Then for any section s G r(X, V) we 
have Koszx(s) £Moreover, Koszx(s) is supported scheme-theoretically on 
a infinitesimal neighborhood of Z{s) C X and 7d^(Koszx(s)) — ii.Az(s)- 

Proof: The first part of the claim is local. Locally, we can decompose V = © V" , so that the first 
component of s = {s',s") is regular and rankV' = codimx.^(s). Then denoting by i' : Z(s') X the 
embedding, we get 

Koszx(s) = Koszx(s') Koszx(s") = iiAz(s') <S>Ax Koszx(s") = iiKoszz(s')(i'*s"}, 

and it remains to note that we have Koszz(s' )(i'*s") G V^~''^'^^^''’^^Z(s'),Az(s')) by definition, and 
rank V'' = rank V — rank = rank V — codimx Z(s). 

The second part of the claim is evident since Koszx(s) is acyclic on the complement of Z(s}, and 
the third part follows from the definition of the sheaf of ideals of Z(s) as the image of the morphism 
V* ^ Ox- □ 


2.4. Exact cartesian squares. Let / : {X,Ax) (S', . 45 ) and g : (Y,Ay) {S,As) be morphisms 
of Azumaya varieties. Assume that either / or 5 : is strict. In this case there is defined the fiber product 
(X Xs' Y,Axxsy)-, see D.37. Consider the corresponding cartesian square 


X xsY^^Y 


n 

X 


/ 


1 

-s 


( 1 ) 


Let Tf : X X x S and : Y S x Y denote the graphs of morphisms / and g respectively, 
and put Kf = Tf^Ax, = T^^^y, K{f,g) = AxxsY consider the corresponding kernel functors. 

Then we have functorial isomorphisms 


= f*, = g*, ^K(f,g) = q*P*- 

Lemma 2.17. We have KfoK^e V^^{X x Y) and TL^{Kf o K9) ^ K{f,g). 
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Proof: Let pxs ■ X x S x Y —>Xx5, psY : X x S x Y ^ S x Y denote the projections, and consider 
the object K = p*xso^f P*SYo^^■ Since the pullback and the tensor product are left exact, we 

have K € Further, it is clear that the cohomologies of K are supported (set-theoretically) on 

the fiber product X xg Y = X xs S xs Y C X x S x Y and H^{K) = AxxsY- Since the projection 
PXY '■ X X S xY ^ X xY restricted to the infinitesimal neighborhood ofXxs'yinXxS'xyis finite, 
we deduce that Kf o = pxY>^K G and TiP{Kf o K^) = pxYt^AxxsY — X{f,g). □ 

The canonical morphism of kernels KfoK^ ^oK^) induces a functorial morphism 5 */* —> q*p* ■ 

Definition 2.18. A cartesian square (1) is called exact cartesian, if the natural morphism of functors 
g*f^ —> q^p* is an isomorphism. 

Proposition 2.19. A cartesian square (1) is exact cartesian, if and only if the canonical morphism 
Kf o 7{^{Kf o K^) = K{f,g) is an isomorphism. 

Proof: The “only if” part follows from corollary 2.15 and the “if” part from lemma 2.3. □ 

Further, corollary 2.15 implies 

Corollary 2.20. If the natural morphism of functors g*f^ —> q^p* is an isomorphism on a perfect 
spanning class T C T>[X,Ax), then cartesian square (1) is exact cartesian. 

Another consequence of proposition 2.19 is 

Corollary 2.21. A cartesian square (1) is exact cartesian, if and only if the transposed square is exact 
cartesian. 

Proof: The criterion of proposition 2.19 is symmetric. □ 

Lemma 2.22. A fiber square (1) is exact cartesian, if and only if the underlying square of algebraic 
varieties is. 

Proof: Note that the fiber square of Azumaya varieties was defined only in a situation when one of 
morphisms /, g is strict. Since the exactness property is symmetric with respect to the transposition 
of the square, we may assume that g is strict. Then p is also strict, and we have q^,p* = q^^pl, and 
g*f^ — 5 o/*- It remains to note that the functorial morphism 5 :*/* ^ is obtained from the functorial 
morphism g* f,^ q^,p* by forgetting the .4y-module structure. □ 

Corollary 2.23. If either f or g is flat then cartesian square ( 1 ) is exact cartesian. 

Proof: Since the exactness property is symmetric with respect to the transposition of the square, we may 
assume that g is flat. Then the underlying square is exact by [H], II, proposition 5.12. □ 

Proposition 2.24. If diagram (1) is exact cartesian then f'g^ = p^q'. 

Proof: Note that /' = g^ = ^'xa-, P*Q' — ^'K(f g) apply lemma 2.6 (ii). □ 

Lemma 2.25. Assume that the right square in the following diagram is exact cartesian 



and either f or both u' and u" are strict. Then the ambient square is exact cartesian if and only if the 
left square is. 
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Proof: Assume that the ambient square is exact and / is strict. We choose perfect spanning classes 
T C V{X, Ox), Q C P(5', As'). Then for aW F e G € Q we have 


0O f G) - fJK vi*F F'*rG) - 


= fJiiv'v'XF f%"*G) ^ f':{v'v")lF u"*G ^ {u'u'XUF u"*G ^ u"\u';f.F G) ^ 

^ u''*{fA*F 0o G) ^ u"*f\{v'*F f*G). 


It remains to note that objects of the type v'^*F <Sio f'*G form a perfect spanning class in the derived 
category of A' = X Xs S', and apply corollary 2.20. 

Assume that the ambient square is exact and both u' and u" are strict. We choose perfect spanning 
classes T C F{X, Ax), Q C F{S', Os')- Then for all F G A, G G 1/ we have 


ry^v'^F fjG) ^ ry'v'^F v'l fJG) = 

^ f:{{v'v")*F 0O yuTG) = f:{v'v")*F <*G ^ {u'u")*UF <*G ^ u"\u'*UF G) ^ 

^ u"*{f'yF G) ^ u"*f'y*F yG). 


It remains to note that objects of the type v'*F iS>o fo*G form a perfect spanning class in the derived 
category of A' = A Xs S', and apply corollary 2.20. 

On the other hand, if the left square is exact, then 


f”{v'v")*F ^ f'y\v'*F) ^ u"*{f'y)F ^ u"%'*y ^ {u'u"yUF 


for any F G F^{X,Ax), hence the ambient square is exact. 


□ 


Lemma 2.26. If g is finite and the canonical morphism 

f*g*AY p*q*A y — p*AxxsY 

is an isomorphism, then square ( 1 ) is exact cartesian. 

Proof: Note that 

g*g*f*{F) = f*{F) g*AY = f*{F (g)^^ f*g*AY) = f*{F 0 _Ax P*-^xxsY) = f*P*p*{F) = g*qy{F), 

and the resulting isomorphism coincides with the morphism, obtained by application of the pushforward 
functor gf* to the functorial morphism g*/* —> qy ■ Since the latter is induced by a morphism of kernels 
Kf o —> K{f,g) it remains to apply lemma 2.8 b). □ 

Corollary 2.27. Assume that g is a strict closed embedding, Y C S is a locally complete intersection, 
and both S and X are Cohen-Macaulay. //codimx(A xgY) = codim^y, then square (1) is exact 
cartesian. 

Proof: By lemma 2.26 it suffices to check that the canonical homomorphism f*g*AY —> P*AxxsY is 
an isomorphism. The claim is local with respect to S, so we may assume that A is a zero locus of a 
regular section s of a vector bundle V on S' of rank rankV = codimsy. Then p^Ay — Kosz5(s), hence 
f*g*AY = /*Kosz 5 (s) = Koszx (/*•§). It is clear that the zero locus of f*s on A is the fiber product 
X XsY, but codimx(A A) = codim^A = rankV = rank/*V which implies that the section f*s is 
regular and we have an isomorphism Koszx(/*'S) = P*AxxsY- D 

Corollary 2.28. Consider exact cartesian square (1) and let U, V, and W be vector bundles on S, A, 
and A respectively, with sections u G T{S,U), v G r(A, V), and w G r(A, W). Assume that the sections 

p*f*u+p*v + q*w £r{X XsY,p*f*U®p*V®q*W) g*u + w er{Y,g*U®W) 
f*u + v €T{X,f*U(BV) u (^T{S,U) 
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are regular. Denote by Su C S, Xu,v C X, Yu^w C Y and Zu,v,w C Z 
loci. Then the square 


Zu,V,W 


Y, 


I J 






is exact cartesian. 


X XsY the corresponding zero 


Proof: Consider the diagrams 




^U,V,W -^ Y-w 


Zu,v —^Z—^Y 

1 1 

^U.,V.,W ^ ^U,W ^ 

1) i „ , 


2) Zu,v -^ Y 

3) 1 11 

^U,V ^ X ^ S 

\ 1 

Xu,V ^ Su ^ S 


Xu,v -^ S 


In the first diagram the right square is exact by assumption and the left square is exact by corollary 2.27. 
Hence the ambient square is exact by the “if” part of lemma 2.25. Thus the bottom square in the second 
diagram is exact. On the other hand, its upper square is exact by corollary 2.27. Hence its ambient 
square is exact by the “if” part of lemma 2.25. Thus the ambient square in the third diagram is exact. 
On the other hand, its right square is exact by corollary 2.27. Hence its left square is exact by the “only 
if” part of lemma 2.25. □ 


Definition 2.29. A strict morphism (p : T ^ S is called faithful with respect to a morphism f : X ^ S 
if the cartesian square 

A XsT —-A 
/ 

0 

T-^5 

is exact. 

Lemma 2.30. A strict and flat base change is faithful with respect to any morphism. 

Proof: Use lemma 2.23. □ 


Corollary 2.31. Let T —> S be a strict base change faithful with respect to a morphism f : X ^ S. If 
T ^ S' -I- S is a factorization of T -i- S such that T ^ S' is strict and finite and S' —>■ S is strict and 
smooth, then S' ^ S is faithful with respect to f and T ^ S' is faithful with respect to f : X x s S' ^ S'. 

Proof: The smooth base change is faithful by lemma 2.30 and the finite base change is faithful by the 
“only if” part of the lemma 2.25. □ 

Lemma 2.32. If square (1) is exact cartesian, g has finite Tor-dimension and strict, and f is projective 
then there exists a canonical isomorphism of functors 

p*f^q'-g*:V+iS)^D+iXxsY). 

Proof: First of all, we note that 

Hom{p*f{F),q'g*{F)) ^ Uomiq^p* f{F), g* (F)) ^ Hom{g* fl/fF), g* {F)), 

hence the canonical adjunction morphism /*/' ^ id induces a functorial morphism p*f' —> q'g*. Let us 
show that it is an isomorphism. 


16 



Decomposing f as X S' S, where /i is finite and /2 is strict and smooth, and applying 
lemma 2.25 we reduce the claim of the lemma to two cases, the case of strict and smooth /, and the case 
of finite /, which can be treated separately. 

If / is strict and smooth then q is also strict and smooth and 

f'{F) = f*F®Ox ‘^x/sldimX - dimS"], q-{F) = q*F ^OxxgY ^^Xxsy/Y[dimX XsY - dimD]. 

It remains to note that (jJxxsYfY — Pt^x/s ^-iid dimX xsY = dimX + dimy — dim5 since / is smooth, 
hence 

P*{f'F) = p*{f*F 0ox ^^x/ 5 [dimX - dim S']) = p*f*F ^Oxxgv P^^^x/sldimX - dimSj) = 

= q* 9 *F ^OxxsY u^XxsY/YidimX XsY - dirnD] ^ q'-{g*F). 
Now, assume that / is finite. Then q is also hnite and 
q,q'g*{F) ^ Rnom{qUxxsY,g*F) ^ Rnom{q,p*Ax, 9 *F) ^ 

^ Rnom{g*fUx, 9 *F) ^ g* Rnom{fUx,F) ^ g*fJ-{F) ^ q,p*f'{F), 
and it remains to apply lemma 2.8 b). □ 


2.5. Derived categories over a base. Consider a pair of Azumaya varieties {X,Ax) and {Y,Ay) over 
the same smooth algebraic variety S. In other words, we have a pair of morphisms / : {X, Ax) —> (S, Og) 
and g : (T, Ay) (S, Os)- 

A functor <I> : T>{X,Ax) F{Y^Ay) is called S-linear if for all F G V{X,Ax), G G 'D^{S,Os) there 
are given bifucntorial isomorphisms 

HfoG ^ox F) = glG ®Oy HF). 

Note that since S is smooth any object G G T)^{S, Os) is a perfect complex. 

Lemma 2.33. If <h is S-linear and admits a right adjoint functor <h' then <h' is also S-linear. 

Proof: For all F G V{X,Ax), G G V{Y,Ay) and H G V^{S) we have 

R\^omAx{FM{9lH G)) ^ RHomj^^{^{F),glH ®Oy G) ^ RHomj^^{glH* ®Oy <h(F),G) ^ 

^ RHom ®Ox F),G) ^ RHom^^ = RHom^^ {F, ffH (^Ox ‘^'(G)). 

Therefore, by Yoneda lemma we have ^'{g*H 0Oy G) = ffH ®Ox s-'^d it is clear that the 

isomorphism is bifunctorial. □ 

Consider the fiber product of algebraic varieties X XsY. Let i : X XsY X x Y denote the 
embedding and letp:AxY X, q : X xY —>Y denote the projections, so that fopoi = goqoi. 

Lemma 2.34. If K ^ Vf^{X Xs Y,A^'^ (D Ay) then the kernel functors and S-linear. 

Proof: We have 


^uK{f:G ^Ox F) = qMif:G (^Ox F) (^Ax FK) 
= qMF ®Ax FUlplftG ®OxxsY K)) = 
= q*{p*oF (g>Ax qldlG ®OxxY FK) ^ 


= qMf:G ^OxxY P*oF (^Ax FK) ^ 
qMF ®Ax FMglG ®OxxsY K)) = 
g*oG ®Oy qMF ^Ax FK) ^ g*G ^Oy ^uk{F), 


and similarly for x- ^ 

A strictly full subcategory C C V{X,Ax) is called S'-linear if for all F G C, G G V^{S,Os) we have 
ffG <S>Ox F € C. For the definition of admissible subcategory see [B, BOl]. 
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Lemma 2.35. If C d ^ stvictly full S-lincuv left (^vesp. viyhlf aduiissiblc tvicrnyulcitcd 

subcategory then its left {resp. right) orthogonal is also S-linear. 

Proof: Assume for example that C is left admissible and take any F £ C, F' £ C^. Then we have 

Hom^^(F, ffG F') ^ Hom^^(/:G* F, F') = 0, 
since ffG* ®Ox F £ C. Therefore ffG d^Ox F' £ C-^, so is 5-linear. □ 

Lemma 2.36. If'D^{X,Ax) = {C-^,C) is a semiorthogonal deeomposition and C is S-linear then we have 
/* RTioniAx {F, F’) = 0 for all F £C,F' £C^. 

Proof: For all G £ 'D^{S, Os) we have 

HomosiGJ. RnomAx{F,F')) = HomoxifoG, RHoniAxiF, F')) ^ Horn Ax if:G^O x F,F') = 0, 

since ffG ®Ox F £ C. Therefore /* RHomAxiF., F') = 0 □ 

Proposition 2.37. //: V’^{X,Ax) T>^{Y,Ay) is S-linear, <h' : V^{Y,Ay) F^{X,Ax) is a right 

adjoint functor, f and g are projective, and X and Y are smooth then we have a bifunctorial isomorphism 

g, RnomAymF),F') ^ /, RnomAx{F,^-{F')). 

Proof: Take any G £ F^{S) and note that 

Homos{G,g, RHom^^(<l>(F), F')) = Homoy{g:G, RHom^^(<l>(F), F')) = 

^ HomAy{g:G^Oy ^F),F') ^ Horn Ay {Hf:G(S>Ox F),F') ^ HomAxifoG (S)Ox F,^-F') = 

^ Homox{f:G, RnomAx{F,^'-F')) ^ HomoxiGJ, RHom^^(F, <h’F0). 

On the other hand, g„ RHomAy{^{F),F') £ 'D^{S) and /* RTiomAx {F, F') £ 'D^{S) by assumptions 

on X, Y, f and g. Therefore, by Yoneda lemma we have the desired isomorphism, which is bifunctorial 
by construction. □ 

2.6. Faithful base changes and kernel functors. Consider morphisms / : {X,Ax) {S,Os) and 
g : {Y,Ay) {S,Os) with smooth S. For any strict base change f> : T -i- S we consider the fiber 
products 

Xt:=XxsT, Yt:=YxsT, Xt XtYt = {X XsY) XsT 

and denote the projections Xt X, Yt ^ Y, and Xt Xt Yt ^ X xs Y also by f. Further, denote 

the embeddings X xsY X xY and Xt XtYt ^ Xt x Yt hy i and zt respectively. For any kernel 
K £ T>~{X X Ys, A^^ 0 Ay) we denote 

Kt = f*K £ V-{Xt Xt Ay). 

Definition 2.38. A strict morphism f : T S is called faithful for a pair (X,Y) if f is faithful with 
respect to morphisms f : X —>■ S, g : Y ^ S, and f Xs g ■ X XsY —>■ S. 

Lemma 2.39. Assume that T —>■ S is a striet base change faithful for a pair {X,Y). If T -^S'—i-S 

is a factorization of T S such that T ^ S' is strict and finite and S' —>■ S is strict and smooth, then 
S' -I- S is faithful for the pair (A, Y) and T -i- S' is faithful for the pair {X Xs S', Y xs S'). 

Proof: Follows from corollary 2.31. □ 
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Lemma 2.40. If <p : T 

commutative diagram 


S is a strict base change faithful for a pair {X,Y) then both squares in the 


PT qt 

Xt — Xt XT Yt Yt 


<t> 

4’ 

t p . 



X 


Y 


are exact cartesian. 

Proof: Apply the “only if” part of lemma 2.25 to the following cartesian diagrams 


lA tr PT It 

Xj' Xt Lt-^ Xj' -^ T 


and 


A XcA 


A-^5 


-t A . 9 t ^ 

At Xt Lt -^ hr-^ T 


X xcA 



□ 


Lemma 2.41. If f) : T ^ S is a strict base change faithful for a pair {X,Y), and f is projective then 
we have 

Proof: Put for short 4> = ^i^K, ‘h' = ‘^t ~ ^ote that cj) is strict, hence 

(f* = (/>*. For any F G V~{X), G € V~{Xt) we have 

<1>t(^*(A) = qT*{pTo*(t>*F Kt) = qT*i4>*plX 4>*K) = 

= qT*(l)*{p*oF (^Ax F) = (l)*q*{plF (g)^^ K) = (j)*^{F), 

4>(/>*(G) = q*{po*4'*G 0Ax F) = q*{(j)*PTo*G ^Ax F) = 

= q*4>*{pTo*G ®Ax 4>*K) = 4>*qT*{pTo*G ®Ax Kt) = (f)^^T{G). 

Note that 4> has finite Tor-dimension since S is smooth, and q is projective because / is. Hence for any 
F € P+(A), G G D+(At) using lemma 2.32 we deduce 

^I(t>*{F) =pT, RnomAAKT,qTo(t>*F)^pT. RHomAyA*K^*qoF) = 

= Pt*A RHomAyiKAoF) ^ Ap* R7fom^^(A, 

and using proposition 2.24 we deduce 
<h'0*(G) =p* RHomAyiK^q^'AF) = p* RHomAy{K,4>*qTo F) = 

= p*(t)* RHomAyA*K,qTo F) = (f^px* R'HomAy{KT,qAF) = (/>*4>t(-^)- 

□ 


Lemma 2.42. Assume that (p is faithful for the pair (A, Y) and K G V^{X X 5 A). 

(а) If K has finite For-amplitude over Y then Kt has finite Tor-amplitude over Yt- 

( б ) If K has finite Rxt-amplitude over X then Kt has finite E.xt-amplitude over Xt- 

(c) IfsuppK is projective over X then If supp Kt is projective over Xt- 

(d) If supp K is projective overY then If supp Kt is projective overYx. 

19 



Proof: (a) and (b) follow from corollary D.46; (c) and (d) are evident. □ 

Let Xi, , Xn, and Y be smooth Azumaya varieties projective over the same smooth algebraic 
variety S. Consider kernels Ki G 'D~{Xi Xs ® -4,y), ... , Kn G T>~{Xn Xs Y,A°x^ (8) Ay) and 

denote by 4>i : P^(Ai) ^ V^{Y), ... , ; V^{Xn) V^{Y) the corresponding kernel functors. Let 

(/) : T —> 5 be a strict base change. We use the notations X^t-, Yy, fkT, Qt, in an evident 

sense. Finally, assume that Ki have finite Tor-amplitude over Y, finite Ext-amplitude over W, and that 
morphisms g and /j are projective for all i. Then the above lemma together with lemma 2.4 imply that 
all functors preserve bounded derived categories and that ^\rp are right adjoint to <l>j, ^iy. 

Proposition 2.43. Assume that (j) is faithful for the pairs {Xi,Y), {X 2 ,Y). 

(i) If the subcategory 4>2(P^(A'2)) is right orthogonal to 4>i(P^(Ai)) then the subcategory <1>2 t(T^^(-^ 2 t)) 
is right orthogonal to ^iy{V’^{Xiy)). 

(if) If <hi is fully faithful then ‘Liy is fully faithful. 

(iff) If is fully faithful then *5 fully faithful. 

(iv) If <l>i is an equivalence then is an equivalence. 

Proof: First we note that <1>2(P^(A'2)) is right orthogonal to 4>i(P^(Ai)) iff <1>';^4>2 = 0 and 4>2 t(T^^(-^ 2 t)) 
is right orthogonal to ^iy{T>{Xiy)) iff 4>^2"^2T = 0. So, in (i) we must check that 4>';^<1>2 = 0 implies 
* 1 *^ 2 "= 0 . 

Similarly, <Li is fully faithful iff the adjunction morphism icl2)6(x^) ^ is an isomorphism and <hi'r 

is fully faithful iff the adjunction morphism '\(^yb(^XiT) isomorphism. So, in (if) we must 

check that — *l*i4>i implies '^^^ybi^XiT) ~ 

By lemma 2.39 it suffices to consider the case when cf is smooth and the case when cf is finite. 

If (f) is smooth then Xiy, X 2 y, and Yy are smooth varieties, hence and <I>'^2 ’usual kernel functors 
by lemma 2.2. Moreover, if Xi is a perfect spanning class for Xi, T 2 is a perfect spanning class for X2, 
and ^ is a perfect spanning class for T then f^yoS ®Ox 2 t ^ perfect spanning class for X 2 y by 

lemma 2.12. Further, for all F G .F2, G G ^ by lemma 2.41 and lemma 2.34 we have 

ck'l^ o <^ 2 T{f 2 T.G ®Ox 2 r F) = ^1 t{9t.G F)) ^ 

= PitoG^Ox,, ^\y{ct>*^2{F)) = fPoG^Ox,, 

We deduce that 4>^<h2 = 0 implies that 4>^2’*^2T vanishes on PyoS ^Ox -^2) hence $';^2’*^2r = 0 by 
proposition 2.14. 

Similarly, fp^GFi is a perfect spanning class for Xiy and for all F G Fi, G G H by lemma 2.41 
and lemma 2.34 we have 

*l>ir ° *^ir(/iVoG' PF) - ^[yigPG <I>iy{pF)) - 

= fiToG^Ox,^ 4>iy(</.*4>i(F)) ^ fPoG^Ox,^ p<I>[{<I>,{F)). 

We deduce that icl2)6(x^) = <l>';^4>i implies that <l>';^2’*^ir is isomorphic to id2)i>(Xij,) /iVo^ Fi, 

hence id2)6(x^y) = by corollary 2.15. 

If f is finite then lemma 2.41 implies that 

We deduce that ‘h^<l>2 = 0 implies (f)*^\y^ 2 T = 0, hence ^\j,^ 2 T = 0 by lemma 2.8 a), and that 
id2)6(Xi) = <I>';^<l>i implies hence idx)6(Xij,) — *l*';^2’*^ir by lemma 2.8 b). 

The claim (Hi) can be proved by the similar arguments as (ii) using the fact that 4*;^ is fully faithful iff 
4>i<I>';^ = id2)6(y) and 4>^2’ is fully faithful iff <1>17’<I>';^2’ — Finally, {iv) follows from {ii) combined 

with (Hi). □ 
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Corollary 2.44. In the conditions of the above proposition if R7Yom^y(-E, <I> 2 (I^^(X 2 ))) = 0 for some 
E G V\Y) then qt. RliomAy^irE,^ 2 t{V\X 2 t))) = 0. 

Proof: We take Xi = S, consider E as a, kernel on Xi y = S XsY = Y, put = ^e, and apply 
proposition 2.43 (i) and lemma 2.36. □ 

Theorem 2.45. In the conditions of the proposition if 

V\Y) = (<ki(P^(Xi)), . . . , ^n{V\Xn))) 
is a semiorthogonal decomposition for Y then 

V\Yt) = {^it{V\Xit)). . . . , ^nT{V\XnT))) 

is a semiorthogonal decomposition for Yt- 

Proof: By proposition 2.43 it suffices to check that the orthogonal to the subcategory T>' C E^IYt) 
generated by ^it{V^{Xit)), ■ ■ ■ , is zero. Choose a perfect spanning class E for Y and 

a perfect spanning class Q for T. Then any object E ^ E can be decomposed with respect to the initial 
semiorthogonal decomposition. Applying lemma 2.41 and lemma 2.34 we deduce that glfo^ ®Oyj, 4'*{P) 
is contained in T>' for all T H E, G H Q. Hence T>' contains a perfect spanning class for Yt, hence T>'^ = 0 
by lemma 2.13. □ 

2.7. Relative Serre functor and Bridgeland’s trick. Assume that X and Y are Azumaya varieties, 
X is smooth, and f : X ^ S, g :Y —>5" are projective morphisms into a smooth algebraic variety S. If 
<k : V^{X) —> V^{Y) is an 5-linear functor then for all E,F' G T>^{X), G G V^{S) we have a diagram 

Homos{G,h RHomAAF^F')) = Homo^(/*G, (F,F')) = F,F') 

I 

I 

Y Y 

\^omos{G,g* RnomAY{^F,^F')) = HomAyiglG ®Oy 4>F,<kF0 = Hom^^(4>(/*G F),<kF0 

where the dashed arrow is the unique morphism making the diagram commutative. Note that we have 
/* RHomAxiP^ X') € V^{S), since X is smooth and / is projective and the dashed arrow is evidently 
functorial in G. Hence by the Yoneda lemma it is induced by a unique morphism 

<^^E^E' ■■ f* RUomAxiF, F') ^ 5, RHomAyi^F, ^F'). 

Lemma 2.46. Morphisms are bifunctorial in F,F'. 

Proof: Use uniqueness of pt and functorial properties of the above commutative diagram. □ 

Definition 2.47. (cf. [BK, B03]) A covariant additive functor Sx/s '■ F^{X) —> T>^(X) is called a relative 
Serre functor, if it is an S-linear category equivalence and for all objects F, F' G E^{X) there are given 
bifunctorial isomorphisms 

FUF' : h RnomAx{F,F') ^ (/, R7f (F', S^/si^))*- 

Let ojx/s denote the relative canonical class of the underlying algebraic variety of X over S. 

Lemma 2.48. (cf. [BK]) The functor Sx/s{F) = wx/5[dim Y — dim5](8)c)^F is a relative Serre functor, 
and any relative Serre functor is canonically isomorphic to it. 
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Proof: Using the duality theorem we get 

(/* RnomAAF,F')Y ^ RHomosiU F'), O5) = 

^ Y Rnomo^{RnomA^{F,F')jiOs) = h RHomAAF'JoOs F). 

But foOs = (Jx/sldimX — dim S'], and it is clear that Sx/s{F) = wx/sldimX — dimS] 0Ox F is an 
S-linear category equivalence. Dualizing the above isomorphism we deduce that it is a relative Serre 
functor. The second part is proved in the same way as the uniqueness of a usual Serre functor. □ 

Corollary 2.49. If X is smooth, : V^iY) —> V^{X) is an S-linear equivalence and ux/s — foF for a 
line bundle L on S, then Y is smooth, dimU = dimX, and cvy/s — stF. 

Proof: If X is smooth then T)^{X) is Ext-bounded, hence F^fY) is Ext-bounded, hence Y is smooth (see 
lemma D.22). Further, it is clear that Sy /5 = <!>■ oSx/ 50 ^ is a relative Serre functor on Y. But denoting 
d = dim X — dim S we get 

(4>' o Sx/5 o ^){F) = 4>'(/:T[d] HF)) = g:L[d] ‘l>'(cI>(F)) ^ g^Lld] (S>Oy F, 

and it remains to apply the uniqueness of the relative Serre functor. □ 

Proposition 2.50. If X is smooth and connected, tax — ffL for a line bundle L on S, and Y is not 
empty, then any fully faithful S-linear functor ^ : T>^{Y) V^{X) is an equivalence. Furthermore, in 

this ease Y is smooth, connected, dimU = dimX and ujy = g%L. 

Proof: The functor is an equivalence of F^{Y) with a strictly full right admissible S'-linear triangulated 
subcategory C C F^{X). Consider a semiorthogonal decomposition {C^,C) for F^{X). Note that the 
Serre functor Sx/s{F) = ffL ®Ox F[dimX — dim5] preserves any 5-linear subcategory of T>^{X). 
Therefore for all F £ C, F' ^ C-^ we have /* RTLomAxiF',F) = (/* R'HomAx{F,Sx/sF'))* = 0, which 
implies Hom^^(F',F) = HomogiOs, f^RHomAxiF' ,F)) = 0. Thus the subcategories C and C-*- are 
totally orthogonal. But the category F^{X) is indecomposable by [Brl], hence C'^ = 0 and is an 
equivalence. The rest of the claim follows from corollary 2.49. □ 

3. The universal hyperplane section 

Though Y is in general an Azumaya variety, for unburdening of the notation we drop all the Azumaya 
stuff in this section. However, a patient reader can easily fill in the details and check that section 2 and 
appendix D contain a verification of all necessary facts concerning Azumaya varieties. 

The goal of this section is to make the first step in the proof of the theorem 1.2 as indicated in the 
introduction. So assume that we have data (D.1)-(D.5) satisfying the conditions (C.1)-(C.6). In fact, 
the condition (C. 8 ) is never used in this section, while the condition (C.7) will be explicitly stated in 
theorem 3.1. 

3.1. Notation. Let P = P(l/*) \Z and denote by L the restriction to P of Op(y*)(—1). Recall that (C. 6 ) 
implies that we have the following exact sequence on A x T 

0 —> El Kl Fi —> E 2 M F 2 —> i^,S —> 0, (2) 

where is a coherent sheaf on Q{X,Y) and i : Q{X,Y) —> A x T denotes the embedding. 

Consider A = A x P, and let Ai C A x P be the universal hyperplane section of A, i.e. the zero locus 
of the canonical section of the line bundle Ox{F) KIT*. Let a : Ai ^ A x P denote the embedding. Then 
we have a resolution 

0 ^ C>x(—1) K T ^ OxxP 0. 
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(3) 



Denote by /3 the embedding of D to P x D given by the graph of g. We will show below that the 
composition 

^ , . j idx X/3 

Q(X, Y) XxY -^ X X P X y 

factors through Yi x Y. Let j ; Q{X,Y) XixY denote the corresponding closed embedding, so that 
(idx X P) o i = (a X idy) o j and we have a commutative square 


Q{X,Y) 


xY 


X xY 

/9 


X X 


(4) 


X y 


where we write ol instead of a x idy and P instead of idjv x P for brevity. Further, consider an object 
£* = R'HomQ{^x,Y){£-,C>Q(x,Y)) e V{Q{X,Y)) and denote 


£i=j^£, £*^ = £*{l+t-i,l), £f = j,£*^®C®\d\uiX-l], (5) 

where 0{a,b) stands for Oxia) (8) Oyib). Let 

B := dimX + dimP — codimyxy(y Xp y). (6) 

Note that the condition (C.7) is equivalent to B = 2i — 1. 

The main result of this section is the following 

Theorem 3.1. ITe have B > 2i — 1. If B = 2i — 1 then the functor : V^{Y) V^{Xi) is fully 
faithful. Moreover, in this case Y is smooth. 


The proof goes as follows. First of all we note that the functor d>^#o is left adjoint to <!>£:., so the 

claim of the theorem reduces to the computation of the convolution £i o £f^ . However, a straightforward 
computation is not as easy. Roughly speaking, we have to compute RHom between two sheaves on a 
singular divisor, when we only know resolutions of these sheaves on the ambient variety. So we use another 
argument to circumvent this. First of all we consider the convolutions £i o £f^ for all t G Z. Second, we 
consider objects £ = i*i,^£ G T>{Q{X,Y)), £i = G P(<Ti x y) and the convolutions £i o Since i 
is a divisorial embedding {Q{X,Y) is a divisor of bidegree (1,1)) we have an exact triangle i*i^£ ^ £ ^ 
£’(—1, —1)[2] which gives an exact triangle of convolutions £i o£f^ £’i o£f^ £i o £f^^~^\2]. It turns 
out that the first term can be easily computed for 0 < t < L Comparing this result with uniform (in t) 
cohomological boundedness of £i o £f^ we deduce the theorem. 

Now we give a detailed proof. 


3.2. Preparations. 

Lemma 3.2. The universal hyperplane section Xi is smooth, projective over P and its relative dimension 
over P equals dimX — 1. 

Proof: It is easy to see that the projection Xi —> X is smooth (in fact it is a projectivization of a vector 
bundle), hence Xi is smooth. On the other hand, the fibers of Xi over P are hyperplane sections of X, 
hence all of them have dimension dimX — 1 by (C.l) and projective since X is. □ 


Lemma 3.3. IFe have Xi XpY = Q(X,Y). If j denotes the induced embedding Q(X,Y) —> Xi x y then 
(idjv X P) o j = {a X idy) o i and the square (4) is commutative. 
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Proof: It is clear that Xi x-pY coincides with the zero locus of the canonical section of the line bundle 
Ox(l) ® C* on X XpY = {X xP)xpy = X xY. On the other hand, on X Xp Y we have C* = Oy{^) 
hence XiXpY is the zero locus of the canonical section of the line bundle hence coincides 

with Q{X,Y). It remains to note that the canonical embedding [X xP) xpP —xPxP coincides 
with idx X (5, while the embedding XixY^XxYxY coincides with a x idy. □ 

Lemma 3.4. An object £* = Rl-iomQ(^x,Y)i^-:^Q{x,Y)) ^ ^(Q(^j^)) is a coherent sheaf and we have 
the following exact sequence on X x Y 

0 ^ ^ .EJ'(-I) ^Fi*(-1) ^ u£* 0. (7) 

Proof: Applying the functor RHom{—,OxxY{—^,—^)) to (2) we obtain a triangle 

K ^ ^ ^ RHomiES, Oxxy{-1, -1))[1] 

on X X P. Since e is an isomorphism at the generic point of X x P, we deduce that e* is an embedding, 
hence the third term of the triangle is a sheaf. On the other hand, f is a divisorial embedding, hence 
Oq(^x,y) ~ i*OxxY = f'dxxY(—1, and by the duality theorem we have 

f* RHom{£,O q(x,y)) = i* i'C>xxy(-l,-1))[1] = R7fom(z*£’, C>xxy(-1,-1))[1]- 

Since f* is exact this implies that £* = R7f om(£’, Oq(x,y)) is a coherent sheaf on Q{X,Y) and (7) is 
exact. □ 

Lemma 3.5. The sheaf £i is a perfect complex on Xi x Y. 

Proof: Note that the sheaf £i = j^£ on ffi x P has finite Tor-amplitude over P. Indeed, consider the 
commutative square (4). For any sheaf T on P, denoting by the same symbol its pull-backs to Xi x P, 
X X P X P and X x P, and using the projection formula, we obtain 

a*{j*£ ® X) = ® X = ® X = ® JF). 

Since a* and /?* are exact it follows that the Tor-amplitude of over P is equal to the Tor-amplitude 
of over P, and the latter is finite since admits a finite locally free resolution (2) on X x P. Since 
X P is smooth over P by lemma 3.2, we conclude by lemma D.43. □ 

Lemma 3.6. The functor $^#0 is left adjoint to <I>£:j. 

Proof: Note that £i is a perfect complex by lemma 3.5, and its support Q{X,Y) = Xi Xp P is projective 
over Xi by (C.4) and over P by lemma 3.2. Therefore, according to lemma 2.5 it suffices to verify that 
£Y = RTiom{£i,u}Xi[dnniXi]). Let qi and q be the projections ffi x P —> P and X x P —> P. It is clear 
that q o i = qi o j. Using the duality theorem and the functoriality of the twisted pullback we deduce 

R7iom{£i,wxi{XnnXi]) = R77om(j*£’,g[C>y) = j* RTiom{£, j' ci'iOy) = j* R7fom(£’,i'g'Oy) = 

= j* R7iom{£,i'wx\dXmX]) = R7iom{£,uJxO--, l)[dimX — I]) = — f, l)[dimX — I], 

since wx — Ox{—i) by (C.2). □ 

Twisting (7) by 0(1 -|- t — i, 1) and taking into account (5), we obtain an exact triangle 

El{t-i)M Ff ^ El{t-i)MFf ^E£*^ (8) 
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Consider the following diagram 


V xAfi ^^- V X AfixY — ^ YixY 

a a a 

Y X (X xP) y X (X X p) X y (X X p) X y 

<? (9) 

y X p X y 

TT 

y X y 

where tt is the projection along P. Consider the following objects in P(y x P x y); 

Ct = <8)P23'^i)) Ct = g*(Q!*Pi2<ff* O a*P23^i) (10) 

Lemma 3.7. We have £i o = -K^Ct € P(y x y). 

Proof: Use the definition of the convolution and note that pi3 = tt o qo a. □ 

Lemma 3.8. There exists X G Z sueh that Ct G 'D^~^’^^{Y x P x y) for all t 

j±j. 

Proof: Since £i is perfect by lemma 3.5, it follows that P23'^i is perfect as well. Hence Pi2^i ®P23^i i® 
cohomologically bounded. Moreover, since ® ^ Ox{t))i the left bound doesn’t depend 

on t. Thus, there exists X G Z, such that p\ 2 ^t^ ® ^ 'D-~^{Y x Xi x y). On the other hand, 

Pl2£r e X Xi X y) by (5) and lemma 3.4, and G P°(y x Xi x y) by (5). Hence 

^4*23^1 G 2)[-Xi-dimX] j-y ^ xH). Since qoa is projective and has relative dimension dimX —1 
by lemma 3.2, we are done. □ 

Lemma 3.9. lUe have an exact triangle 

Ct ^ Ct ^ Ct-i[2] ( 11 ) 

in V\Y X P X y). 

Proof: Since a : Xi —> X x P is a divisorial embedding, and Xi is a zero locus of a section of the bundle 
Ox(l) ^ C*■, we have an exact triangle 

a*a^X ^ X ^ X® (Ox(-l) ^ CM 

for any object X on y x Xi x y. Taking T = ^23^1; tensoring with Pi2^i > applying and taking 
into account the projection formula Ci a*a*P23^i) — ® cr*P23^i) and the definition of 

Ct and Ct (10), we obtain (11). □ 

Denote hy (3' :Y —> y x P the composition of (3 with the transposition P x y — > y x P. Consider the 
maps idy x (3,13' x idy :yxy—>yxPxy and denote them by (3 and (3' for brevity. Let 

D:=/3:Oyxy®/3*Oyxy GP(yxPxy). (12) 

Lemma 3.10. ITe have T) G x P x y). Moreover, D is supported scheme- 

theoretically on a infinitesimal neighborhood ofY Xp y C y x P x y and H^((D) = OyxpY- 
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Proof: Consider a diagram 


92 


Y XpY 


Y xY 


Y xY 


d 


0' 

93 ^ 


Y xF 

id^ X Ap 


y X p X y 


y X p X p 


where §2 = idy X 5) 53 = idy X idp X g and Ap is the diagonal embedding P ^ P x P. Both squares 
are cartesian. Moreover, since P is smooth the right vertical arrow is a locally complete intersection 
embedding. Since codimyxPxV x Y) = codimyxPxp(d^ x P) = dimP, the right square is exact 
cartesian by corollary 2.27. Further, locally over Y x P x P we can represent y x P as the zero locus 
of a regular section s of a vector bundle on y x P x P of rank equal to dimP, hence we have a local 
representation (idy x Ap)*C)yxp = KoszyxPxp(s)- It follows that 

P*OyxY — /3*52C’yxP — ^Kidy x Ap)*OyxP — 53KoszyxPxp('S) 

and 


2) = fS'^^OyxY <Yi (3 *OyxY — P*OyxY — /3*/3^*53KoszyxPxp(s) — /3*Koszyxy (/3^*53 s). 

It remains to note that the zero locus of the section f3'*g^s on Y x Y coincides with y Xp y and the 
proof concludes with lemma 2.16. □ 

Consider on y x y the objects T, T* G ViY x Y) defined by the following exact triangles 

ad(0) 

^ Fi-—-^ W* (8) F^* K F2 -^ r, 

. ^ (13) 

ad((/)) 

IF 0 F 2 * ^ ^ ^2 ^ 1^2 ® F^ 01 Fi -^ Y*. 


Fi 0 Fo 


Lemma 3.11. IFe have Ct ^ - 8 , 1 ]x P x y) for all f G Z. 

Moreover, 






'7r*T* 

0D, 

for 

t = 0 






Ct=< 

0, 


for 

1 < t < 

i-l 






[7r*T0 7:*®*0D[dimA- 1], for 

t = i 




In particular, Ci G Df-ed-dimX] (y x p x y) and U^{Cq) ^ 0. 





Proof: Consider the diagram 










y X Ai ^ 

PI 2 P23 

- y X Ai X y - 

Ai X y 





^ V 

a 




a 



Q{X,Y) 

y X (A X p) 

PI 2 - . P23 

^ — y X (A X p) X y —s 

- (A X p) X y 

Q{X,Y) 


i 

1 — 1 


0 

1—1 


i 

y X A ^ 

P 12 

- y X X X y 

y X p X y 

y X A X y 

A X y 


(14) 


Y xY 

and note that the squares marked with | EC | are exact cartesian by corollary 2.27. Hence we have, 

«*7’23'^1 - P23«*‘^l = P23<^*j*£ - P23(^Y*^ - (^*P23^*^ 
and similarly ® £*®*[dim A — 1]. Therefore, 

Ct = ® £*®*[dim A — 1] 0 /3*P23**^)- 
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( 15 ) 


Applying /3*P23 (2) (^) obtain exact triangles 

f5^{OMEiMFi) ^I3^{0ME2MF2) 

Pi{F* K Elit -i)MO)^ PiiF^ K Elit -i)MO)^ Pyui*^*^- 
So, roughly speaking we have a resolution 


{cf' ^ cP 


c,*'" =c„ 


where 


Cf’* ;= q^{p[{Fl K Elpt -i)MO)® £*®*[dimX - 1] ® P^{0 K K F;)) ^ 

^ K {El{t -i)® El) K F*®* K El) ® PiOvxXxY ® /3*OyxXxy)[dimX - 1] 

for k,l = 1,2 (more rigorously, we should say that there are three exact triangles, obtained by tensoring 
the first triangle of (15) by terms of the second triangle). To compute we note that the squares in 
the diagram 


Y xXxY 


/9' . ^ d 

-^yx(XxP)xy-^ 


y X y X y 


y X y- 

are exact cartesian by corollary 2.23, hence 


y X P X y 


y X y 


P^OyxXxY ® P*OyxXxY — PIq^OyxY <8) P^q*OYxY — q*P[O yxY ® Q*P*OyxY — 9*TI. 
Substituting this into the formula for we deduce 

^k,i ^ ^ {H*{X,El{t -i)(S) El) (g) C*®^) K El) g D)[dimX - 1] 

Since D G pkodimy^v’i"xpy-dimP,o] (y X P X y) by lemma 3.10, H*{X, El{t - i) (g Ei) G 
and (codimyxy y Xp Y — dimP) — (dimX — 1) = 1 — F, by (6), we deduce G ph-^dl^y x P x y), 
for all t G Z, /c, / = 1, 2. Hence, looking at (16) we see that Ct G F[“^“^d](^y x P x y) for all t G Z. 
Moreover, for 1 < t < i — 1 we have H*{X, El{t — i) g Ep = Hom*(Ffc, F/(t — i)) = 0, hence Cf’* = 0 for 
k,l = 1, 2, therefore Ct = 0 for 1 < t < i — 1. 

Finally, for t = 0 we have 

k[—dimy], for A: = / 

H\X,El{t-i)g El) ^ Hom*(Ffc,Ft(-i)) ^ iy[-dimX], for / = 1, A = 2 

0, for / = 2, A = 1 

hence Cg’^ = x*{W g F* K Fi) 0 S)[-l], Cq’^ = 7r*(Ff K Fi) 0 S)[-l], Cq’^ = 7r*(F| K Fa) ® D[-l], and 
(16) gives a triangle 

7r*(iy 0 FI MFi)g^ ^ 7r*(F| K Fa © F| MFi)g^ ^ Cq- 

whereof we deduce Cq — vr*F* ©51. Note also that liP{T*) = Coker ad((/)) = Xy^Oy by condition (C.5), 
H^{'D) = Oyxpy by lemma 3.10, so that TC^{Cq) A 0- 
Similarly, for t = i we have 

k, ioi k = I 

H*{X,El{t-i)gEi)^Hom*{Ek,Ei)^ < IF*, for / = 2, A = 1 

0, for / = 1, A = 2 
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hence Cl’^ = 7r*(Ff K Fi) ® F*®* 0 D[dimX - 1], = 7r*(F| K Fs) 0 F*®* 0 S)[dimX - 1], and 

Cl’'^ = TT*{W (X) Ff Kl F 2 ) (g) F*®* g) 2)[dimX — 1], So, (16) gives a triangle 

7r*(F2* K F 2 © Fi* M Fi) © F*®* © D[dimX - 1] 7r*(lF* © Fj^ K F 2 ) © F*®* © D[dimX - 1] ^ C*. 

whereof we deduce = Tr*T © F*®* © 2)[dimX — 1], In particular, Cj € Df-^d-dimX] ^-y x P x F) since 
= 0. □ 

3.3. Proof of theorem 3.1. 

Proposition 3.12. IFe have B >2i — 1. Moreover, if B = 2i — 1, then 

Co = Cl [-2] = ... = Ci_i[2 - 2i] ^ n\Co) 

Proof: First of all, we note that for all t G Z we have 

e p[-B,o](y X p X y). (17) 

Indeed, it follows from triangle (11) and lemma 3.11 that for any I < —1 — B we have an exact sequence 

0 = n^-^{Ct) n^-^{Ct-i[ 2 ]) n^-\Ct) = o. 

Therefore, H'(Ci_i) = n^-‘^{Ct-i[2]) ^ So, if li}{Ct) = 0 for ^ < -1 - F then li}-‘^^{Ct+s) + 0 

for all s which contradicts the claim of lemma 3.8. 

Further, using triangle (11) and lemma 3.11 for t = i — 1,..., 1 we see that 

Cj-i = Cj_2[2] = • • • = Co[2i — 2]. 

Therefore, Ci_i[2] = Co[2i], hence 

Ci_i[2] G (18) 

by lemma 3.8. Using triangle (11) for t = i: {Cj Ci ^ Cj_i[2]} and recalling that C, G 'D-~^ by 
lemma 3.11 and C* G V-~^ by (17), we deduce 

Ci_i[2] gF^-1-^. (19) 

Now, if F < 2i — 1, then —2i < —1 — F, and comparing (18) with (19) we deduce Cj_i = 0. Hence 

Co = Cj_i[2 — 2i] =0 as well. But then the triangle (11) for t = 0: {Cq ^ Cq ^ C_i[2]} implies 

C_i = Co[—1], hence F^(C_i) = F°(Co) / 0 by lemma 3.11, which contradicts lemma 3.8. Therefore, 
F > 2i - 1. 

If F = 2i —1, then —2i = —1 —F, and comparing (18) with (19) we deduce that Ci_i[2] G Hence 

Co = Cj_i[2 — 2i] G F°. Since by lemma 3.8 we have C_i[2] G 'D-~^ the triangle (11) for t = 0 implies 
that Co = F°(Co). □ 

Corollary 3.13. If B = 2i — I then we have 

7r*Co = 7r*Ci[—2] = • • • = 7r*Cj_i[2 — 2i] = 

Proof: Note that 

TT.Co ^ MMT* © S) ^ T* © 7r*S). 

On the other hand, by lemma 3.10 the object D is supported scheme-theoretically on a infinitesimal 
neighborhood ofF XpF CF xPxF. But the restriction of7r:F xPxF ^F xF to the infinitesimal 
neighborhood ofF XpF cF xPxFis finite, hence 

TT^Co ^ 7r*F°(Co) = H°(7r*Co) ^ F°(T* © tt*®). 
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Finally, we have 7i^{T*) = Coker(VF ® F 2 Kl Fi -F 2 0 Fj^ Kl Fi) = Ay^Oy by (13), and 

Tl^{7r^Ti) = 'hPi’K^fOyx^y) = OyxpY by lemma 3.10, hence 

7r*Co = H^iAy^Oy 0 Oyxpv) — ^Y*Oy. 

since Ay{Y) C Y Xp Y. □ 

Corollary 3.14. If B = 2i — 1 then the functor o is isomorphic to the shift by [2t] for any 

t = 0,1,..., i — 1. 

Proof: Apply lemma 3.7 and corollary 3.13. □ 

Proof of theorem 3.1. 

We have F > 2f — 1 by proposition 3.12. Assume that B = 2i — 1. Since <l>^#o is left adjoint to <!>£■. by 
lemma 3.6, it follows from corollary 3.14 that is fully faithful and it remains to show that Y is smooth. 
To this end we note that Ti is smooth by lemma 3.2, hence 'D^(Xi) is Ext-bounded by lemma D.22. On 
the other hand, as we have shown above V^iY) embeds fully and faithfully into hence F^{Y) is 

also Ext-bounded. Applying again lemma D.22 we deduce that Y is smooth. □ 

We will need also the following 

Proposition 3.15. If B = 2i — 1 then 

^iiV\Y)) C (Fi(l) 0 V\P ),... , F2(z - 1) 0 V\P))^. 

Proof: We must check that Hom(Fs(/c) 0 F, <1>£-^(G)) = 0 for all F G F^(P), G G V^iY). Note that 
Es{k)®F ^ a*{Es{k)MF) and Hom(W(F,(A:) KF),4>^j(G)) ^ Hom(F,(A:) K F, (G)). Further, 
is a kernel functor with kernel a^j^S = j3X*£ and 

Homxxp(-E5(A:) MF,<^i3^i^£{G)) = Homxxp(T^s(A:) MF,p^{f3J^£ 0q*G)) = 

= HomxxPxYiEsik) K F K G*,(3J,£) ^ HomxxY{Es{k) K {g*F 0 G*),i*£) 

and the last space is zero because FT G (Fi 01 T>^{Y),E 2 01 V^{Y)) and by condition (C.3) we have 
Fi,F2 G (Fi(1),...,F2(z-1))^. □ 

4. Semiorthogonal decompositions 

In this section we conclude the proof of theorem 1.2. In fact, instead of individual linear sections of 
X and Y we consider the universal families of linear sections and prove a similar statements for them. 
After that theorem 1.2 follows by a faithful base change argument. 

4.1. Universal families of linear sections. All r-dimensional subspaces L C V* are parameterized 
by the Grassmannian Gr{r,V*). Those of them, for which the linear sections = X Xp(p) P(F-’-) and 
Yl = Y Xp(y*)P(L) are compact are parameterized by an open subset of the Grassmannian P^ C Gr(r, V*) 
consisting of all r-dimensional subspaces L C V* such that F n Z = 0. Let Cr be the pullback of the 
tautological rank r subbundle of the Grassmannian Gr(r, U*) to P,. and let := {V* 0 Op^/Cr)* C 
V 0 Op ^, be the orthogonal subbundle. Then the subvarieties 

Xr = {X X P^) Xp(y)xP, Pp,(F^) C A X P^, 

Tr = (T X P^) Xp(y*)xP^ Pp^(Fr.) CY X P^, 
are the universal families of compact linear sections of X and Y. 

Consider the fiber product Xr Xp^ W and the projection tt^ : AV Xp^ W —> A x T. Since for any vector 
subspace L C V* the product P(L^) x P(F) is contained in the incidence quadric Q C P(U) x P(U*) it 
follows that TTr factors via a map Cr ■ Xr Xp^ Yr —>■ Q(X, Y) C A x T. 
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Consider the object £r = C*^ ^ V{Xr Xp^ as a kernel on Xr x y^. It gives the following kernel 
functors <I>r = ^Sr • T^^{yr) 'D^{Xr) and <I>J, = : 'D^{Xr) —> V^{yr). The goal of this section is to 

show that the functor <I>r is fully faithful for r < i, the functor <hj, is fully faithful for r > i and that they 
give the following semiorthogonal decompositions 

V\Xr) = {<^r{V\yr)), E,{1) ® D^(P,), . . . , E 2 {i - r) ^ iP'’(Pr)), 

V\yr) = {<^liV^{Xr)), F|(i - r) ® V\Pr), • • • , Ef (-1) 0 V\Pr))- 
After that we deduce from this the main theorem 1.2 using the faithful base change theorem 2.45. 

To prove the fullness and faithfulness of the functors we use induction in r (the base is given by 
theorem 3.1). To compare the universal families Xr-i, Tr-i and AV, Tr we take for a base scheme 

Sr = Fl(r - 1, r; V*) n (P^_i x P^), 


where Fl(r — 1, r; V*) C Gr(r — 1, V*) x Gr(r, V*) is the partial flag variety. The scheme parameterizes 

flags Lr-i G Lr C V* such that dimLr_i = r — 1, dimL^ = r and P(Lr) n Z = 0. 

Let (p : Sr ^ Pr-i and ^p : Sr Pr denote the natural projections. Let Cr-i = 4>*Cr-i, Cr = 'ip*Cr, 
Er_i = = Ip*Cr ■ Then we have 


Cr-lGCrGV* ®Osr, 


Cr C Cr-i C P (g) OSr) 


( 20 ) 


Denote 


Note that 


Xr—l — Xr—l Xp^_j S^. 
Tr—1 — Ti—1 Xp^_j Sf 


C A X Sr, 
C y X Sr, 


Ar-l — (A X Sr) Xp('y)xSr l^Sr (-^ii"-!)) 
Tr-1 = (y X Sr) Xp(V*)xSr IFSr('^r-l), 


Xr — Xr Xp^ Sr C A X Sr, 

Tr = Xr Xp, Sr C y X Sr. 

Ar = (A X Sr) Xp('y)xSr 

Tr = (y X Sr) Xpj-y.^xSr ^P'Sr('^r)- 


Therefore the embeddings (20) induce embeddings ^ : Xr ^ Ar-i and rj : Tr-i ^ Tr- Consider the 
following commutative diagrams (the squares marked with | EC | are exact cartesian, because the maps cp 
and Ip are flat) 


Sr 

b 

Pr 



Tr-l 



— Sr 






( 21 ) 


where /r-i, fr, dr-i and gr are the natural projections and (p = <po^^'ip = 'ipo'q. 

Let Tr-i G V{Xr-i Xs^ Tr-i) and £r G P(Ar Xgj, Tr) denote the pullbacks of the objects £r-i and 
£r via the projections Ar-i XSr Tr-l ^ Ar-l Xp^_j Tr-l, XSr Tr ^ Xp^ Xr- Then we have the 
corresponding kernel functors d>r-i, <hr e.t.c between the derived categories of Ar-i, Tr-i, A), and Xr- 

The induction step is based on relation of the functors d>r-i, 4>r, 4>r-i and <l>r to the base change 
functors tp*, ip^ and to the functors of the pushforward and pullback via ^ and rj. The relation to ip* 
and is given by lemma 2.41. The relation to ^ and rj in a sense is the key point of the proof. We 
prove that ^*$r-i — ^rV* and that the “difference” between ^*$r and ^r-iV' is given by a very simple 
functor, the kernel of which has a resolution of the form EiM Ei ^ E 2 M E 2 (up to a twist and a shift) 
on Xr—\ XTr* 

Other results in this section (e.g. the above semiorthogonal decompositions) are proved by similar 
arguments using (either ascending or descending) induction in r. 

The section is organized as follows. We start with some preparations concluding with a description 
of the relation of the functors <l>,._i and to the pushforward and pullback via ^ and rj. Then we 
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use induction in r to prove that is fully faithful for r < i. Then we use a relative Bridgeland’s 
trick 2.50 to establish a semiorthogonal decomposition for r = i. Then we use descending induction 
in r to establish semiorthogonal decompositions for TV when r < i. Then we show that the collection 
(Fi(l), ^ 2 ( 1 ),..., Fi{N — i), F 2 {N — i)) on Y is an exceptional collection in a certain sense (if Z = 0 then it 
is exceptional in the usual sense). Then we use induction in r to establish semiorthogonal decompositions 
for Tr when r > i. Finally we deduce theorem 1.2 and show that the set of critical values of the morphism 
g :Y ^ P(l/*) \ Z coincides with \ Z. 

4.2. Preparations. Recall that P,. C Gr(r,V*) is an open subset parameterizing the compact linear 
sections of X and Y, and TV, Tr are the universal families over P^ of linear sections. 

Lemma 4.1. Assume that P^ 7 ^ 0. Then TV and Tr are smooth, 

dim TV = dim X + dim P^ — r, dim Tr = dim Y + dim P^ + r — X, 
dim TV X Tr = dim X + dim Y + dim P^ — N, 

and the maps Pr and Qr ■ Yr ^ Pr are projective. 

Proof: Note that we have open embeddings into the relative Grassmannians 

Xr C Grx(r,Vx), Tr C Gry (r — 1, Vy), fkV xp^ Tr C GrQ(y^y)(r — 1, Vq), 

where the bundles Vx, Vy are dehned from exact sequences 

0 ^Vx ^V* (^Ox ^ Ox{l) ^0, 0 ^ Oy{-1) ^ P* 0 Oy ^ Vy ^ 0, 

and Vq is the middle cohomology bundle of the complex 

Oq{x,y){^,-Y) ^ P* 0 Oq(^x,y) C>Q(y:,y)(l,0). 

From this we easily deduce the smoothness and compute the dimensions. It is also clear that the fibers 
of the projections TV —> Pr, and Yr —> Pr are linear sections of X and Y corresponding to subspaces 
L G Pr, so they are projective. □ 

Recall that we have dehned the objects £r on TV Xp^ Yr as the pullbacks of (S’ G 'D^{Q{X,Y)) via the 
map Cr : TV Xp^ Yr Q{X, Y), and the objects £r-i and £r as the pullbacks of £r-i and £r via the maps 
(j : TV _1 Xs^ Yr-I Xr-i Xp^_,^ Yr-1 and ip : Xr Xs,.Yr ^ Xr Xp^ Yr- The functors 4)^, <1)J,, 

and are the kernel functors of the hrst and second type corresponding to the kernels 

£r-i, £r: £r-i and £r respectively. 

Lemma 4.2. The funetors ^r-i? ^r, and take the bounded derived 

categories to the bounded derived categories. Moreover, the funetors with the shriek are right adjoint to 
the corresponding functors without the shriek. 

Proof: Since TV and Yr are smooth it follows that the pushforward of £r to TV x is a perfect complex. 
Therefore, £r has hnite Tor and Ext-amplitude over TV and Yr by lemma D.40. Similarly, £r-i has hnite 
Tor and Ext-amplitude over TV_i and Yr-i- Since p and V’ are hat it follows from corollary D.46 that £r-i 
and £r also have hnite Tor and Ext-amplitude. On the other hand, the projections of TV-i Xp^_j Yr-i, 
Xr Xp^ Yr, TV -1 Xs,, Yr-i and TV Xg,, Yr to the factors are projective because the projections of TV_i, 
Yr-i to Pr-i and of TV, Yr to Pr are. It remains to apply lemma 2.4. □ 

Lemma 4.3. Let k = r — 1 or k = r. We have 

(i) TV is the zero locus of a section of vector bundle Ox{Y) M C\ on X x S^; 

{ii) Yk is the zero loeus of a section of vector bundle Oy(l) 01 onYx S^; 

(Hi) TV is the zero locus of a section of line bundle Ox{X} 0 {CrfCr-i)* on TV_i; 
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(iv) yr-i is the zero loeus of a seetion of line bundle Oy(l) <8) = Oy(1 ) ® {CrfCr-i) on y^- 

All these sections are regular. 

Proof: The parts (i) and (ii) evidently follow from the definition of C X x S^- The parts (Hi) and 
(iv) follow from the exact sequences 

0 ^ {Cr/^r-lT ^0, 0 ^ {tr-ll'^rT ^ ^ {^rT ^ 0- 

Finally, it follows from lemma 4.1 that dimTV_i = dimX + dimSr —(r —1), dim TV = dimX + dim S,-— r. 
Therefore the sections in the parts (f) and {Hi) are regular. The sections in the parts (ii) and (iv) are 
regular by similar reasons. □ 

Now we describe the maps if and ip. 

Lemma 4.4. The maps and are projectivizations of vector bundles. Explieitly, ■0 is the projeetiviza- 
tion of Cl and 0 is the projectivization o/(Tr-/Op(v'*)(“!))*; where the embedding Op(y*)(—1) ^ Cr is 
indueed by the projection yr —>■ Pp^(Tr) ^ P(F*). 

Proof: By definition of Sr the fiber of 0 is the set of all hyperplanes in Similarly, the fiber of 0 is the 
set of all hyperplanes in Lr passing through a point y £ F{Lr). □ 

Applying results of [02] we deduce the following. 

Corollary 4.5. The funetors 0* and ip* are fully faithful and we have ip^ip* = id, ip^,ip* = id. 

The situation with morphisms 0 and 0 is a little bit more involved because of the condition L n Z = 0 
entering in the definition of P^- In fact, it is easy to see that both maps factor as a composition of an 
open embedding followed by the projectivization of a vector bundle. More precisely, we have 

Lemma 4.6. The map (p is a composition of an open embedding with the projectivization of the vector 
bundle V* jCr-\. Moreover, any divisorial component of the complement Pp^_;^(P*/Tr._i) \ is ample 
over Pr-i- Similarly, the map (p is a eomposition of an open embedding with the projectivization of the 
vector bundle VxjCr-i, where Vx was defined in lemma 4.1. Moreover, the map 0 is surjeetive if r < i. 

Proof: By definition of the fiber of 0 is the set of all Lr containing the given Lr-i and nonintersecting 
with Z. Thus it is an open subset oiFfV*/Lr-i). Moreover, the complement coincides with the preimage 
of the set of all Lr £ Gr(r, V*) such that P(Lr) H Z 0: 0 and it remains to note that any effective divisor 
in Gr(r, V*) is ample. 

Similarly, the fiber of 0 is the set of all Lr containing the given Lr-i, contained in the fiber Vx of the 
bundle Vx at the given point x and nonintersecting with Z. Thus it is an open subset of FfVx/Lr-i). It 
remains to check the surjectivity. Assume that a point {x,Lr-i) £ Xr-i doesn’t lie in the image of TV. 
This means that for any subspace Lr C V* such that Lj—i C Lr C Vx we have P(Lr) H Z 0. Therefore 
the linear projection of Z n P(Va;) C P(Va;) \ P(Lr-i) to P(Vx/Lr-i) is surjective. But then we have 
dim(Z nP(Va;)) > dim(P(Va;/Lr'-i)) = (A^ — 1) — (r — 1) — 1 = A' — r — l>Ai — i — 1 contradicting (C.8) 
since Vx is a hyperplane in F*. □ 

The functors 0* and 0* are not fully faithful. However, they enjoy the following properties 

Corollary 4.7. If <p>*C = for some line bundle C on Tr-i o,nd r <i then C = 

If (p*F = 0 for some F £ D(TV_i) and r <i then F = 0. 

Proof: For the first claim note that the kernel of the map Pic(Py^_j (F*/Tr-i)) ^ Pio(Tr-i) is generated 
by divisorial components of the complement Fy^_fiV*/Cr-i) \Tr-i, which are ample over Tr-i- There¬ 
fore, this kernel intersects the image of Pic(Tr-i) in Pio(Py^_;^(F*/Tr._i)) only at zero. The second claim 
is evident. □ 
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Now we go to the relation of the functors and to the pushforward and pullback via ^ and rj. 
Consider the following diagram 


^Sr —1 ^ ^Sr 

« ? 

^ rj ^ 

Xr-l Xs^ yr-1 -^ Xr-l Xs^ 

and the projection if : AV-i Xg^ J’r C (X x S,.) x (X x S,.) X yiY. 


Lemma 4.8. The maps ^ and rj in the above diagram are divisorial embeddings, we have the following 
scheme-theoretieal equalities 


i^r—l Xg^ n (ftV Xg^ Xj. Xg^ 

i^r-l Xg, Yr-l) U {Xr Xg, X) = it-\Q{X,Y)). 


and the following square is exact cartesian 


{Xr-l Xg^ 3^r-l) U {Xr Xg^ X) 

c @ 

Q{X,Y) -^ 


Xr—l X g^ 3^)- 


X X y 


(23) 


Proof: Consider the projections of X^- Xg^ Yr-i, Xr-i Xg^ ^r-i; Xr Xg^ Yr and Xg^ to X x Y. It 
is easy to check that their fibers over a point {x,y) G (X, X) are open subsets in the subsets of the flag 
variety Fl(r — l,r;y*) consisting of all flags L,._i C satisfying the following incidence conditions 

y C Lj.—i y C L^—i C Yx L^—i L^—i C Yx 

n , n , n and n 

Lx d Yx Lx y d Lx d Yx y d Lx 

respectively. In particular, the first three fibers are empty if {x,y) 0 Q{X,Y). On the other hand, 
over Q{X,Y) the first three fibers are irreducible, have dimension (r — 1)(X — r) — 1, (r — 1)(X — r) 
and (r — 1)(X — r) respectively, and the first of them is the intersection of the other two. On the 
contrary, the fourth fiber is irreducible and (r — 1)(X — r)-dimensional if {x,y) 0 Q{X,Y) and for 
(x,y) G Q{X,Y) it coincides with the union of the second and the third fibers (if y d Yx and y (f Lx-i 
then Lx = (y, Lx-i) d Yx)- It follows that images of ^ and rj have pure codimension 1. Since they are also 
zero loci of line bundles by lemma 4.3 {Hi) and {iv), we conclude that ^ and y are divisorial embeddings. 

The above arguments also prove the first equality of (22) on the scheme-theoretical level and the second 
equality on the set-theoretical level. Taking into account that the LHS of the second equality is the zero 
locus of the line bundle Oxi^) ® Oy(l) by definition of Q{X,Y), and that the RHS of the equality is 
the zero locus of the line bundle {Ox{^) ® {T-x/C-x-i)*) <S> (Oy(l) 0 (£x/jCx-i)) by lemma 4.3 {Hi) and 
{iv), and noting that the bundles are isomorphic, we deduce that the second equality is also true on the 
scheme-theoretical level. Finally, we note that the square (23) is exact cartesian by lemma 2.27 since 
X X y and Q{X,Y) are Cohen-Macaulay. □ 

Consider the pullback £ = f*£ of £ from Q{X, Y) to (TV-i Xg,, Yx-i) U (TV Xg^ Yx)- Let us also denote 
0{k, 1) := Ox{k) 0 Oy{1) for brevity. The following lemma gives a relation of £x-i and £x- 

Lemma 4.9. We have the following exaet sequences on TV-i Xg^ 



(25) 


0 ^ —1, 0) 0 {LrjCr-\) i*£ ^*£r ^ 0, 


0 ^ C*£r{0, —1) 0 {£rl£r-l)* ^ i*£ 


0 . 


(26) 


Moreover, we have an isomorphism on Xr XSr 3^r-i-' 


r]*£r ^ e£r-l. 


(27) 


Proof: Since the square (23) is exact cartesian we have i^£ = i^C,*£ = Mi^£ and applying the functor vf* 
to (2) we deduce (24). Sequences (25) and (26) can be obtained by tensoring resolutions 


^7 —1 Xs, 


1, 0) 0 (£r/-^r-l) 


^(A’,_lXs,yr-l)U(A’rXs,j>r) 


o 


X St’ 


0 , 


0^0 


Afr X St’ 3^r 


(o,-i)0(4/4-i)* 


o 


{Xr-l XSripT—l)U(A’r XSrifr) 


o 


Xr — 1 ^Sr^r — l 


with £ and applying i*, since the pullback of £ to fkV-i XSr 3^r--i and fkV Xs^ Xr coincides with £r-i and 
£r respectively. Finally, (27) is evident, because both sides are isomorphic to the pullback of £. □ 


Corollary 4.10. 


We have the following exact triangles of functors between D^(7kV_i) and T>^{yr): 


^r-in 

1 

* 

T 

^US{0,l)®(Cr/Cr-iy 



^ - - 
i££{lfl)®{Cr / Cr-l)* 


and the following canonical isomorphisms of functors between V^{Xr) and I>^(3^r_i).- 


(28) 

(29) 


C^r-l = ^rV*, V% = <-!?*• 


Proof: Apply lemma 2.7 to the exact triangles (25) and (26) and lemma 2.3 to the isomorphisms (27). □ 


Lemma 4.11. We have 

Proof: Note that for k = 1 or k = 2 we have 

^EfcKIFfc(l)®(£0£,_i)(^) - Ek<S) H*{yr,Fk{l) 0 G) 0 {CrlCr-l) = 0 RHom(Ffc (-1), G) 0 {CrlCr-l)- 

Tensoring exact triangle (24) by 0(0,1) 0 {CrjCr-i) we deduce from this claims (i) and {ii). Similarly, 
we have 

- RHom(E^(l),G) ® F; ® (£./£.-!) 

whereof we deduce {Hi). □ 
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4.3. Semiorthogonal collections for linear sections of X. We prove in this subsection that the 
derived category admits a semiorthogonal collection of the form 

{^r{V\yr)),Ei{l) ® V\Vr), E2{1) ® P^(P .),. . . , Ei{i - r) ® V\Vr),E 2 {i - r) 0 V\Vr)). 

We prove it by induction in r. We start with the following 

Lemma 4.12. If r < i then the funetors V^{Pr) G i—> Es{k)® ffG are fully faithful for all k. 

Moreover, the eollections 

(Ei(l) 0 V\Pr),E 2 {l) 0 , Ei{i - r) ^ P^(Pr), ^ 2 (i - r) 0 P^(P.)> and 

{El 0 V\Pr),E2 0 P^(Pr), . . . , .Ei(i - r - 1 ) 0 V^{Pr), .E 2 (z - r - 1 ) 0 V\Pr)) 
in V^{Xr) are semiorthogonal. 

Proof: Take any pair Es{k), Et{l) such that either 0<k — l<i — r,oik = l and s >t. We have 
Hom(E,(fe) 0 ffG, Et{l) 0 ffG') ^ H{Xr,E:{-k) 0 Et{l) 0 ffG* 0 ffG') ^ 

^ H{X X P„ (E* 0 Etil - k)) K (G* 0 G') 0 EOx,.). 
But iifOxr by lemma 4.3 (i) admits a Koszul resolution i*Oxr — A*(Gx(—1) Moreover, we have 

H{X X P,., (E; 0 Et{l - k)) K (G* 0 GO 0 XP{Ox{-l) ^ Cr)) ^ 

^ H{X X P,., {El 0 Et{l -k-p))^ {G* 0 G' 0 A^G^)) ^ 

^ H{X, El 0 Et{l -k-p))® H{Pr, G* 0 G' 0 A^G^)) ^ 

= Homx{Es,Et{l - k-p))iS' Homp^(G, G' 0 MCr). 

It follows from condition (C.3) that Homx{Es,Et{l — k — p)) = 0 for 0 < p < r in all cases with the 
exception oi k = I, s = t and p = 0, when we have Homx{Es,Et{l — k—p)) = k. Therefore the collections 
are semiorthogonal and we have Hom(£'s(/c) 0 flG,Es{k) 0 ffG') = Homp^(G, GO, that is the functor 
G 1 -^ Es{k) 0 /*G is fully faithful. □ 

Proposition 4.13. For all 1 < r < i we have 

{i) c (Gi,(l) 0 V’^iPr ),..., G 2 .(i - r) 0 P''(P.))^; 

(ii) the functor : V^{yr) V^{Xj.) is fully faithful. 

Proof: We use induction in r. The base of induction, r = 1 is given by theorem 3.1 and proposition 3.15. 
Assume that (i) and (ii) are true for r — 1 and consider the first diagram of ( 21 ). First of all, note that 

^r-l{V\yr-l)) c (Gi(l) 0 pOSr),...,G 2 (i-r + l) 0 P^(S,))^ (30) 

by the induction hypothesis and proposition 2.44. On the other hand, 

C {EiMV\Sr),E 2 mv’’{Sr)) C (Gi ( 1 ) 0 P''(S,), . . . , G 2 (i - r) 0 P^(S,))^ 

by lemma 4.11 and lemma 4.12. Taking into account exact triangle (28) we deduce that 

f*MV\yr)) c (Gi(l) 0 V\Sr), . . . , G 2 (i - r) 0 V\Sr))^, 

hence by adjunction we have 

ME\yr)) c r (^l(l) ® E\Sr), . . . , G 2 (i - r) 0 V\Sr))^ = 

= (Gi(l) 0 V\Sr), . . . , G 2 (i - r) 0 P'’(S,))^ C ^^*(^ 1 ( 1 ) 0 V\Pr), . . . , G 2 (i - r) 0 V\Pr))^. 
Again by adjunction we have 

V’*3>r(P^(X)) C (Gi(l) 0 P^(P,),..., G 2 (i - r) 0 P^(P,))^. 
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By corollary 4.5 we have hence applying lemma 2.41 we deduce 

which combined with the previous inclusion proves (i) for r. 

To prove (ii) we note that by (30) and 4.11 (in) we have 


^ - - 
i*£{l,0)^{Cr/Cr-l)* 

Therefore, (29) implies that 
induction hypothesis we obtain 


o "hr-i = 0. 

Combining this with corollary 4.10 and with the 


= vM-l^r-1 = V*- 


Finally, applying corollary 4.5 and lemma 2.41 we deduce 

Thus ‘hr is fully faithful and (ii) is proved for r. 

From the above results we obtain the following 


□ 


Corollary 4.14. If r < i then the collection 

{^riV\yr)),Eiil) ® V\Pr),E 2 {l) ® V\Pr), . . . , E,ii - r) 0 V\Pr), ^ 2 (i - v) 0 V\Pr)) (31) 
is semiorthogonal in 'D^{Xr). 

4.4. Fullness. In this subsection we establish fullness of the semiorthogonal collection (31). First of 
all we use a relative Bridgeland’s trick 2.50 to check that <hj : Il^(Tj) ^ T’^(T’j) is an equivalence of 
categories. Then we use descending induction in r to check fullness for r < i. We also compute here the 
canonical class of Y. 

First of all we need the following 

Lemma 4.15. We have P* / 0. 

Proof: Follows from lemma 4.4 and lemma 4.6 by induction in r. □ 


Proposition 4.16. The functor <l>j : V^{yi) 'D^{Xi) is an equivalence of categories. Moreover, we 
have dim Ti — dim Pj = dim X — i and wy. = wp. (8) det C*. 

Proof: Note that T) is smooth and connected by lemma 4.1, <hj is fully faithful by proposition 4.13 (ii), 
and by adjunction formula and lemma 4.3 (i) we have 

— (f^XxPi <8 det (Ox (1) ^ E*))\Xi — {{E>x{—i) Kl wpj ® {Ox{i) ^ det T*))jXi — wp. ® det C*, 

and dim T) — dimPj = dim X — i. Note that the line bundle wp. (8> det C* is a pullback from Pj, hence, by 
proposition 2.50 the functor <l>j is an equivalence, dimT* —dimP* = dimX —i and wy. = wp. (8)det T*. □ 

Now we compute the relative canonical classes of Tr over P^ by descending induction in r. This allows 
to compute the canonical class of Y. 

Lemma 4.17. For all r <i we have coy^jp^ = detT*(i — r). 

Proof: We use descending induction in r. The base of induction, r = i, follows from proposition 4.16. 
Indeed, wy./p. = wy. 0 — detT*. Now assume that the claim is true for r and consider the 

diagrams (21). Using the adjunction formula and lemma 4.3 (iv) we deduce 

~ {Er/Er-l){l) = dct (z — r) (8) {Cr/Cr-l){l) = 

= det C*_i{i — (r — 1)) = <f>* det jC.*_i{i — (r — 1)). 
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On the other hand, ujy since (/> is flat. Therefore — detT*_^(i — (r — 1)) 

by corollary 4.7. □ 

Corollary 4.18. ITe have uiy — Oyii — N) and dimT = dimX + N — 2i. 

Proof: Note that Ti = T, Pi = P and detTi = Ci = Oy{—l}. Hence 

uiy = iVyjp (8> UJp = ujy^ip^ O ijJF — (1) ^ Oy{i — 1)) (8) Oy{—N) = Oy{i — N). 

On the other hand, by lemma 4.1 we have dimT* — dimPj = dimP + i — iV, hence by proposition 4.16 
we have dimP + i — N = dimX — i, whereof dimP = dimX -\- N — 2i. □ 

Now we establish semiorthogonal decompositions for the derived categories with r < i. 

Theorem 4.19. For any r < i we have a semiorthogonal decomposition 

V\Xr) = {%{V\yr)), Ei{l) ® V\Pr), ^2(1) O F^Pr),... , Ei{i - r) 0 V\Pr),E 2 {i - r) O V\Pr)) 

(32) 

Proof: We use descending induction in r. The base of induction, r = i, is given by proposition 4.16. 
Assume that (32) is true for r. Then by the faithful base change theorem 2.45 we have 

V\Xr) = {M'D\yr)),Eiil) 0 V\Sr),...,E 2 {i-r) 0 V\Sr)) (33) 

Take arbitrary 

G G {^r-l{-D^{yr-l)),Ei{l) 0 P''(P.-l), ...,E 2 {i-r + l)(^ V’’{Pr-l))^. 

Consider the diagram (21). By lemma 2.36 we have /r-i* RTi.om{Es{k), G) = 0 for s = 1, 2 and 1 < k < 
i — r + 1. Therefore 

fr-u Rnom{(^*Es{k),(^*G) = fr-iA* Rnom{Es{k),G) = 07r-i* Rnom{Es{k),G) = 0 
since the right square in (21) is exact cartesian. Therefore 

cj)*G e {Ei{l)(E)V\Sr),...,E2{i-r + l)^V\Sr))^ (34) 

On the other hand, it follows from lemma 4.3 {Hi) that we have a resolution 

0 —:• Eg{k) <S> (Gj./G^_i) —> Eg{k + 1) — ^^Eg{k + 1) —> 0, 

hence 

</>*G G (e*Si(2) 0 V\Sr ),... ,7^2(i - r + 1) ® V\Sr))^, 

and by adjunction 

e'<)>*G G (^i(2) 0 V\Sr), ...,E 2 ii-r + l)0 V\Sr))^. 

Further, ^■(j)*G = ^*(1>*G 0 (7/7-i)*(l)[—1] — 0*G O (7/7-i)*(l)[—1], therefore 

^*G (^{Ei{l)®V\Sr),...,E2{i-r)®V\Sr))^. (35) 

On the other hand, (34) and lemma 4.11 {Hi) imply that 4>' - x*('/’*G') = 0- Therefore, apply- 

2* O 15 U j (Z-'T* j L-V — 1 } 

ing exact triangle (29) to ^*G we deduce that But 4>),_]^(^*(G) = ())*<1>)._;^(G) = 0, 

since G G 4>,._i(P^(P,._i))-*- by assumption. Thus we deduce that ^l(j)*{G) = 0, hence 

7 g g M-D\yr))^. 

Combining this with (35) and (33) we deduce that (p*G = 0. Therefore G = 0 by corollary 4.7 and we 
obtain decomposition (32) for r — 1. □ 
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4.5. Exceptional collection for Y. In this subsection we show that in a certain sense the collection 
(Fi(l), ^ 2 ( 1 ),..., Fi{N — i), F 2 {N — i)) on Y is exceptional. The idea behind the proof is very simple. 
It is easy to see that if a collection (E(l),... ,E{i)) on a Fano variety X of index i is exceptional then 
the restriction of the bundle E to a Calabi-Yau linear section of X is also exceptional. It turns out that 
the inverse is also true: if the restrictions of a vector bundle E to all Calabi-Yau linear sections of X are 
exceptional then the collection (E(l),... , E{i)) is exceptional on X. We use this idea as follows. First of 
all we consider an exceptional pair (Eo(l), Ei(l)) on Y obtained from (£^ 1 ,^ 2 ) by a mutation and a twist, 
and show that the functor <I>^ takes this pair to the pair (£3 ; -^ 1 ) on Yi up to a twist and a shift. Since 
is an equivalence, its adjoint functor <I>^ is an equivalence as well, hence we deduce that the pair (£ 2 *,£f) 
is exceptional on Yi- But this pair is formed by the restrictions of a pair (£2 , £j^) on Y to the Calabi-Yau 
sections, hence the above argument shows that the collection (£ 2 *( 1 ), £f (1),... , F^iN — i), F^{N — i)) 
on Y is exceptional. 

Now we give a detailed proof. We define an object Eq G F>{X) as the mutation of £2 through £1 
(see [B]). Thus we have the following exact triangle 

£0 ^ RHom(£i, £ 2 ) ^ El —>■ £ 2 . (36) 


Lemma 4.20 (cf. [B]). We have 

RHom(£i, £o(/c)) = 0, ifl — i<k<0, RHom(£2, £o(A:)) 
Proof: Apply RHom(£i,— ) and RHom(£2,— ) to (36). 


0, if i — i < k < —1, 
k[-l], ifk = 0. 

□ 


Proposition 4.21. For all 1 < r < i and s = 0,1 we have 

[ Ff_g{i — r — 1) ® det C* [dim Y — N + r], for k = 1. 

Proof: We use induction in r. First, let us check the case r = 1. Consider the diagram 

X Y 



Note that the bundle Es{k) on Xi is a pullback via tt. But 4 >^( 7 r*G) = <I>';^( 7 r'G( 8 )a;[^^^^^[dimY —dimTi])) 
and since by adjunction formula and lemma 4.3 (i) wx-^jx — C(;p( 8 )(Ox(l)^^i), dimTi = dimY + Y —2, 
and since the functor is P-linear we have 

4>-(7r*G) ^4>i(vr'(G(-l))®Wp^®£i[2-Y]. (37) 

On the other hand, it is clear that the functor <I>^ o tt' is a kernel functor of the second type with kernel 
(tt X idy)H,£’i = (tt X \6Y)*j*£ = Therefore 

<h^( 7 r'(G(—1)) = <h[^£:(G(—1)) = g* RHom{i^£,p'{G{—!))) = ( 7 * R7dom(i*T, G(—1) wy [dim Y]). 

Using resolution (2) combined with lemma 4.20 we obtain {Es{k — 1)) = 0 for s = 0,1 and 2 — i < 
k <0 and for k = 1 we obtain the following exact triangles 

$-(7r'(£o(-l))^£2*Owy[dimY-l] ^ 0 , 

$i(7r'(£i(-l)) ^ 0 ^ £f 0 wy[dimY]. 
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Finally, we get 




0 , 

F 2 -S ® ooy [dim Y 


for 2 — i < /c < 0, s = 0,1; 
1], for /c = 1, s = 0,1. 


Substituting this into (37) and taking into account the isomorphisms uy = Oyi^i — N) (see corollary 4.18), 
= Oy{N) and det/li = Ci = Oy(—1) we deduce the claim for r = 1. 

Now, assume that the claim is true for r — 1. Consider the diagram (21). We have 


^fo, 

\(j)*F 2 _g{i — r) (8) det /l*_]^[dimy — N + r 


for r — i < /c < 0, s = 0,1; 
1], for /c = 1, s = 0,1. 


(38) 


by lemma 2.41 and the induction hypothesis. On the other hand, 

r^liEgik)) ^ ri*r^riEs{k)) ^ ri*^UrEsik)) ^ 

^ r]'^l{Eg{k)) O Oy(-l) 0 (4/4-l)*[l] = ^r-li^*Egik)) 0 Oy(-l) ® (4/4-l)*[l] 


by lemma 2.41, lemma 4.3 (iv), and lemma 4.10. Taking into account resolution 

0 ^ Es{k - 1) (8) {CrjCr-i) Es{k) ^^Es{k) 0, 


and (38) we deduce 


r^[{Eg{k)) ^ 


0, 

E 2 -S {i — r — 1) ® det C* [dim Y 


for r + 1 — i < /c < 0, s = 0,1; 
N + r], for A: = 1, s = 0,1. 


Finally, applying corollary 4.5 we deduce the claim. 


□ 


Corollary 4.22. Let s,t = 1,2. Then 


Rnomy^{Fg,Ft) = { 


Op^ © det Ci[i — dimX], 

IF ©Op,, 

IF* © det — dimX], 


for s = t 

for s = 1, t = 2 

for s = 2, t = 1 


Proof: By proposition 4.21, proposition 2.37 and proposition 4.16 we have 


Rnomy^{Fs,Ft) = 

^ gi^ R77 omy. (4 (-1) © det T* [dim F -N + i],F;(-l) © det/:*[dimF - N + i]) ^ 

^ gi,RnornyMiE2-t{l)),^i{E2-s{m = fi*^nornxA<^MiE2-til)),E2-sil)) = 

= fi* R'HomXi{E2-t{E),E2-s{l)) = fi^ RTLomXi{E2-t-,E2-s)- 

On the other hand, fi^ RTLomXi{E 2 -t, -^ 2 - 5 ) — /i*(£^ 2 -t -® 2 -s)- Tensoring the Koszul resolution of ft) 

in X X Pj (see lemma 4.3 (i)) by ® E 2 -S we see that the pushforward of E 2 _i © E 2 -S from T) to 
X X Pj is quasiisomorphic to the complex 

(4_,©E2_,(-i))Kdet/:i ^ {E*2_t(^E2-s{l-i))^E^~^Fi ^-> (4_j©E2_,(-l))K/:i ^ ^.^©Ea-s 

Applying the functor fi^ and using the Kiinneth formula on X x Pj and (C.3) we deduce the claim. □ 
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Proposition 4.23. If r > i and P,. 7 ^ 0 then 


rP{gr,Rnomy^{Fs{k),Ftm = { 


C’Pr; 
det Cr, 

W0Of^, 
W* 0 det Cry 

0 , 


if s = t, k = I and p = 0, 
if s = t, k — I = r — i 
and p = dimX + r — 2z, 
if s = 1, t = 2, k = I and p = 0, 
ifs = 2, t = l, k — l = r — i 
and p = dimX + r — 2z, 
otherwise, if0<k — l<r — i. 


Proof: We use induction in r. The base of induction, r = i, is given by corollary 4.22. Now assume that 
the claim is true for r — 1 and consider the diagram (21). Let us denote 


= 9r* Rnomy^{Fs{k),Ft{l)), = S'r* R'Homy^{Fs{h),Ft{l)). 

First of all we note that 
KAi = 9r-U Rnomy^_^{Fs{k),Ft(l)) = 

- Rnomy^_^{Fs{k),Ft{l)) = R'Homy^_^{Fs{k),Ft{l)) 


and similarly 

KKt,i = rr,,k,tp 

On the other hand, by 4.3 {iv) we have a resolution 

0 ^ Ft{l - 1) 0 {CrICr-lT ^ Ft{l) ^ ll,Ft{l) ^ 0. 


¥ 'T^r—l 


Applying to it the functor RHomy^{Fs{k), —) and taking into account that 

Qr,, RHomy^{Fs{k),p^Ft{l)) = RHomy^_^{g*Fs{k.),Ft{l)) = 5 ^- 1 * R'Homy^_^{Fs{k.),Ft{l)) 

we deduce the following exact triangle on S 


Fs,k,t,l—1 


{CrlCr-lT 




■pr-l 


Since ^ (P*9^s,k,t,u Kk,t,i - we can rewrite this as 


r{K^k,t,i-i) ® {C-rlCr-iY ^ r{Kk,t,i) - 


Finally, note that 


MFr/Cr-lT-^ 


'Of^, iffe = 0, 

< 0, if 0 < /c < r — 1, 

det T*[l — r], if /c = r 


F] 


r—1 

s,k,t,l'’ 


(39) 


(40) 


by lemma 4.4 (because CrjCr-i is the Grothendieck line bundle on S,. C Pp^(T*)). Therefore, applying 
the functor V’* to the triangle (39) we get 


Kku = 

by corollary 4.5, and applying the functor to the triangle (39) tensored by we get 




det/:; [2 




(4/4-1)®'-'’). 


Now we use the first formula and the induction assumption to compute .TJ^jjforO</c — f<r — 1 — i 
and the second formula and the induction assumption to compute Ff f, ^ i ioi k — I = r — i. □ 
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Corollary 4.24. // Z = 0 then (Fi(l), ^ 2 ( 1 ),... , Fi{N— i), F 2 {N— i)) is an exceptional collection onY 
and RHom(Fi,F 2 ) = W. 

Proof: If Z = 0 then Pn = Speck, 3 ^^ = F, Rnomy^{Fs{k), Ft{l)) = RHomy(F,(A:), Ft(0). □ 


4.6. Semiorthogonal decompositions for linear section of Y. In this subsection we establish 
semiorthogonal decompositions for when r > i. 

First of all we have to show that is orthogonal to F*{k) for i — r < k < —1. This follows 

from the 


Proposition 4.25. If r > i and P,. 7 ^ 0 then 


MFfik)) - 


0 , 

E 2 -siI) < 8 ) det Cr[II — r — dimT], 


for i — r < k < —1, 
for k = i — r — 1. 


Proof: We use the same arguments as in the proof of proposition 4.23. The base of the induction, r = i, 
follows from proposition 4.21, since is an equivalence by proposition 4.16. Now assume that the claim 
is true for r — 1 and consider the diagram (21). Let us denote 

gi, = MF:ik)), gi, = MF:ik)). 

First of all we note that 


gif^ = ^r-i{F:{k)) - ^r-ii^Ffik)) - <p*<^r-i{F:{k)) = rg:f\ 

and similarly 

On the other hand, by 4.3 (iv) we have a resolution 

0 ^ Ffik - 1) 0 (Cr/Cr-iT ^ Ffik) ^ g,Ff{k) ^ 0. 

Applying to it the functor and taking into account lemma 4.10 we deduce the following exact triangle 
on 

g:,,., o (4/4-1)* - 44 - 

Since Olff = ^4 — rewrite this as 

4(44-i) ^ (4/4-1)* - 4(44) - 44,4- 4i) 

Finally, recall (40). Applying the functor to the triangle (39) we get 

44 = 4444'^ 

by corollary 4.5, and applying the functor r/:* to the triangle (41) tensored by {Cr /we get 

44_1 ® det/:;[2 - r] ^ 4(444^ ^ (4/4-i)®^-"). 

Now we use the first formula and the induction assumption to compute 4 a: i — f H k < —1 and the 

second formula and the induction assumption to compute 4 fc k = i — r — 1. □ 

Now we can check semiorthogonality. 


Proposition 4.26. For all r > i such that P,. ^4 0 the following collection 

{^Uv\Xr)), Ff{i - r) 0 V\Pr), ..., Ff{-1) 0 V\Pr)) 
is semiorthogonal in 'D^{yr). 
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Proof: First of all, for all G^G' G V^iVr) we have 

Homy^{gr*G®F*{l),gr*G'®F:{h)) ^ Homy^{gr*G, g^*G'® F:[k) Ft{l)) ^ 

^ Homp^{G,grM*G' ® F:{k) ® Ft{l))) = Homp,(G, G' ® Rnomy^{Fs{k),Ft(l)))) 

and it follows immediately from proposition 4.23 that the functors G i—> gr*G 0 F^{V) are fully faithful 
and that the collection {F^ii — r) (8) V^{Fr ),..., F|'(—1) ® V^iFr)) in 'D^{yr) is semiorthogonal. Further, 
for any G G H G 'D^{Xr), since <I>J, is right adjoint to <l>r and is S-linear we have 

Homy^ig^G ^ F:{k),<^UH)) = HomxAM9*rG ^ F:{k)), H) ^ Hom;r.(/;G 0 4>,(F;(fe)), FT) 

which is zero for i — r < k < —1 hy proposition 4.25. Hence the whole collection is semiorthogonal. □ 

Now we establish semiorthogonal decompositions for the derived categories with r > i. 

Theorem 4.27. If r > i and P,. / 0 then we have a semiorthogonal decomposition 

V\yr) = {^l{V\Xr)),Ff{i - r) ® V\Fr),Ff{-1) ® V\Fr)) (42) 

Proof: By proposition 4.26 it suffices to show that 4>|. is fully faithful and that the RHS in (42) generates 
F^(Tr)- For this we use induction in r. The base of induction, r = i, is given by proposition 4.16. Assume 
that the induction hypothesis is true for r — 1 and let us check that it is also true for r. Consider the 
diagram (21). Then by the faithful base change theorem 2.45 we have a semiorthogonal decomposition 

V\yr-l) = {^r-li1^\‘^r-l)),Ff{i - r + 1) ® V\Sr), . . . , Fi*(-1) ® V\Sr)) (43) 

By proposition 4.26 we have l>|.(F^(A).)) C (F 2 *(—1) 8) F^(Sr), Fi*(—1) <Si'D’^{Sr))'^ Using lemma 4.11 (i) 
we deduce that i)ig)(£ /£ i) ° ~ Therefore, composing exact triangle (28) with 4>|. we obtain 

an isomorphism Applying also lemma 4.10 and the induction hypothesis we deduce 

= ^r-lF^r = ^r-l^l-1^* = f*- 

Then by lemma 2.8 b) we have , and by lemma 2.41 and corollary 4.5 we have 

hence <b|. is fully faithful. 

Finally, assume that G G F^{yr) is in the left orthogonal to the RHS of (42), so that 

Hom 3 ;^(G, F*(A:)) = 0 for f — r < A: < — 1 and 4>r(G) = 0. (44) 

Since ip* is fully faithful by corollary 4.5 we have for alii — r + l</c< —1 

Homy^_^(^*G(l),F;(A:)) - Homy^jrG,rF:{k-l)) - Homy,(G,F,*(fc - 1)) = 0. 

On the other hand, since 

^*G(1) ^ r?>*G(l) ^ g'fj*G 8 (4/4-i)*[l] 

by lemma 4.3 (iv) and 'ip*G G (F 2 *(—1) ^ Ff{—1) 8 'D^{Sr))'^ by fullness and faithfulness of tp* 

(corollary 4.5), we have i)®(£ ft i)('^*G) = 0 by lemma 4.11. Taking into account (28) we deduce 

^r-ii^Gil)) ^ l>,_i(r?V*G8 (4/4-i)*[l]) = i^r-WrG) 8 (4/4-i)*[l] = 

^ if,^r'lp*G) 8 (4/4-l)*[l] = (e4*^r(G) 8 (4/4-l)*[l] = 0 

by (44). Thus 'ip*G{l) is in the left orthogonal to the RHS of (43), hence ip*G{l) = 0. But then 
G(l) = 'tp^^p*G{l) = 0 and G = 0. Thus the induction claim is proved. □ 
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4.7. Proof of the main theorem. Let L <ZV* he an admissible subspace, dimL = r. 

Lemma 4.28. The map ip : Speck —> induced by L is a faithful base change for the pair (TkVjd^r)- 

Proof: Use lemma 2.27, 4.3, 4.1 and the definition of admissible subspace. □ 

Now we apply the faithful base change theorem 2.45. Then theorem 1.2 follows from theorem 4.19 and 
theorem 4.27. 

Corollary 4.29. Assume that L C V* is an admissible subspace. Then Yl is smooth iff is smooth. 

Proof: Note that lemma D.22 implies that Xl is smooth iff the category 'D^{Xl) is Ext-bounded, and 
Yl is smooth iff the category V^{Yl, Ay) is Ext-bounded. On the other hand, one of these categories is 
embedded fully and faithfully into another, and the orthogonal is generated by an exceptional collection. 
Hence 'D^{Xl) is Ext-bounded iff V^{Yl,Ay) is Ext-bounded. □ 

Let sing( 5 () C P(U*) \ Z denote the set of critical values oi g :Y P(U*) \ Z. Let X'^ C P(U*) be the 
projectively dual variety of X. 

Corollary 4.30. If g is flat then sing(gr) = X"^ \ Z. 

Proof: If g is flat then every 1-dimensional subspace 77 C U* is admissible hence 

s\ng{g) = {H e P(U*) \ Z | is singular} = {77 G P(I/*) \ Z | is singular} = X'^ \Z. 

□ 


5. General construction of Y 

In this section we will give a general approach to construction of the Azumaya variety Y for a given 
X. The approach uses moduli spaces of quiver representations. Our general reference for this subject 
is [Ki]. We will freely use conventions and notations thereof. 

So, assume that we are given the data (D.l) and (D.2) satisfying the conditions (C.1)-(C.3). Assume 
additionally that 

Ext>\E2{-l),Ei) = Ext>^{E2{-l),E2) = 0. (45) 

Consider a quiver Q = • ^ > • with two vertices and dim W arrows from the first vertex to the second, 
and a slope function 6 : 77o(Q) ^ given by the formula 

9{di,d2) = d 2 rank(772) — di rank(77i). (46) 

For every dimension vector {di,d 2 ) £ A’o(Q), take a pair of vector spaces 7?i, 7?2 of dimensions di and 
d 2 respectively, and consider an affine space R = Rq((7i,( 72) = Hom(7?i G W, R 2 ) parameterizing all 
(di, (72)-dimensional representations of Q. We denote the trivial vector bundles on R with fibers 7?i and 
7?2 by IZi, 7^2- Then on R we have a universal representation of the quiver p : W 0TZi ^ 7^2. Consider 
on X X R a map e : EiMTZi ^ E 2 M 7^2 defined as the composition 

e : EiMTZi^-^EiMiW* ^112) = (IT* G .Ei) K 7^2-^7;2 ^ 7^2, 

where ev : IT* G 77i = Horn(77i, 7 ^ 2 ) G 77i —>7^2 is the evaluation homomorphism. For each p G R we 
denote by Cp the restriction of e to A = A x {p} C A x R. Let 

Cp = Coker Cp = C\xx{p}- 
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An embedding V* C H^{X, Ox{^)) C Hom(£^ 2 (—1) ^ "^ 2 , E 2 7 ^ 2 ) combined with the projection E 2 Kl 
7^2 ^ C induces a morphism V* (S> OxxR (-^ 2 ( 1 ) ^ ^ 2 ) ® E. Taking a pushforward with respect to 
the projection q : X x R —> R we obtain a homomorphism 

iy:V*^OR^ R%((E^(1) K ® C). (47) 

From now on assume that 

6{di,d2) = 0 . 

This condition determines the dimension vector (di, ^ 2 ) up to a constant. Let gcd(di, ^ 2 ) = ut, and denote 
the corresponding representation space RQ((ii,d 2 ) by Rm- Consider the following subschemes of Rm,: 

• the 0-stable locus R^; 

• the 0-semistable locus R^; 

• an open subscheme R))^ = {p € Rm, | Kercp = 0} C R^; 

• a subset R)„ = {p G Rm | Kerz/p 7 ^ 0} C Rm,; 

• a subset R)„ = {{p, H) G R^ x P(l/*) | Vp{H) = 0} C Rm x P(C*). 

Proposition 5.1. ITe have R)„ C R)^xP(C*) andH!^ C R^ C R^- Moreover, the s/iea/7?°(7*((7?2 (1)^ 
7 ^ 2 ) E) is loeally free on R))^. 

Proof: The hrst embedding is evident. Assume that p G Rm aud 0 7 ^ 77 G Kert'p. Note that the 
composition of Vp with the canonical map 

{R^q,{{E*{l) K 7^^) ® C))p ^ 770(A, {El{l) K 7^^) ® Cp) ^ Hom(.E 2 (-l) 0 R 2 , Cp) 

coincides with the composition V* Hom(7i'2(—1) 0 R 2 , E 2 0 R 2 ) Horn(7^2(—1) ® R 2 , Cp). Therefore, 
the assumption implies that the dashed arrow in the diagram 


7^2 (~ 1 ) ® 7?2 


Cp{-1) 


H 


H 


E 2 ® 7?2 




jj 

vanishes. But since the upper arrow is surjective it follows that the map C'p(—1) —> Cp is zero, hence C 
is supported scheme-theoretically on the hyperplane section Xh of X. 

p G Rm if and only if supp(C'p) C 77 G |77|, (48) 

where |77| is the linear system of hyperplane sections of X C P(17). In particular, we have rank(C'p) = 0, 
hence rankKerCp = rank(7^i ® Ri) — rank(7^2 ® R 2 ) = ~d{di,d 2 ) = 0, hence Cp is a monomorphism, so 
R-m C Rm. Moreover, we have the following exact sequence 

0 —^ El (E) Ri —C E 2 <S> 7?2 —> Cp —> 0 ( 49 ) 

for any p G R)^. Note also that Cj^xR^ is also a monomorphism and we have on X x Rm the following 
exact sequence 

0 —> El Kl Ri —> E 2 Kl 77-2 —> C* —> 0. (^0) 

Now let us check that Rm C R^- Assume that p G Rm is unstable. Then there exist subspaces 
7?( C 7?i, 7?2 C R 2 , such that 0(dim7?'^,dimT?^) < 0. Then 

rankKercp' > rank(7^i KIT?'^) — rank(7^2 ^7?^) = —0(dim7?'^,dim7?^) > 0, 

hence Ker(ep' : Ei Kl R) ^ E 2 ^ R' 2 ) 0. On the other hand, it is clear that KerCp/ C Kercp = 0, which 

gives a contradiction. 
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Comparing (49) and (50) we see that C ® Oxxp — Cp. It follows that the sheaf C (and therefore 
(£' 2 ( 1 ) ^ ^ 2 ) C) C as well) is flat over Furthermore, using (49) and taking into account (45) we 

deduce that HP{X, (£|(1) (8) R 2 ) Cp) = 0 for p > 0 and the dimension of the zero cohomology doesn’t 
depend on p. Finally, for any closed point p € we have 

q*{{E*2{l) ^ nl) ® C) 0 Op ^ H'{X, (£2*(1) 0 £ 2 ) C' ® Oxxp). 

Therefore, g*((£'|(l) £ 2 ) ® C) = £^^*((£ 2 ( 1 ) ^ '^ 2 ) ® O) is a vector bundle. □ 

Lemma 5.2. If 

codimR„(R„ \ R^) > 2 (51) 

then Rm is closed in R^ and R)„ is closed in R^ x P(I/*). 

Proof: It is clear that R)„ is closed in R)„ x P(F*) and R)„ is the degeneration locus of a the morphism 
12 :V* 0 £'^^*((£ 2 ( 1 ) ^ R-l) C), so it suffices to check that the sheaf ii°( 7 *((£|(l) Kl IZ^) ® C) 

is torsion free. It follows from (45) and (50) that we have the following exact sequence on Rm^ 

0 ^ Hom(£ 2 (-l), £ 1 ) ® 0 £1 ^ Hom(£ 2 (-l), £ 2 ) 0 £2 ® ^2 ^ £V*((£2*(1) ^ £ 3 ) 0 O) ^ 0, 

so the sheaf admits a length 2 locally free resolution. Therefore, it is torsion free if and only if it is locally 
free in codimension 2 (see [OSS]). But we have proved in proposition 5.1 that it is locally free on R^- Cl 

The following lemma is useful for verification of (51). 

Lemma 5.3. //codimRj(Ri \R)’) > 2 then codimR,^(Rm \ Rm) C 2. 

Proof: Consider the embedding (Ri)™ ^ Rm, (pi, ■ ■ ■, Pm) pi © • • • © Pm- Since Rm is a vector space 
and R))^ is dilations-invariant, it suffices to check that codim(Rj)m((Ri)’” \ (R^ fi (Ri)”^)) > 2. But it is 
clear that (R))^ fl (Ri)™) = (R)’)’” and the claim follows. □ 

For any divisor class D such that both linear systems |£| and \7{ — D\ are nonempty let C P(I4*) 
denote the image of |£| x [Tf — £| in |?-f| = P(I/*). Let pm denote the projection R)„ —> P(F*) and let p 
denote the projection R,)^ ^ R)„. Consider the open subset 

U:=Ki,\ U 5-^(£I^I) C R^. 

0<D<H 

Proposition 5.4. The projection p : U ^ p{U) C R)„ is an isomorphism. 

Proof: Let us check that Kerj^|p(( 7 ) is a line subbundle in V* 0 Op{jjy Since R)^ is the degeneration 
locus of a morphism of vector bundles u : V* ® > R^q*{{E 2 {E) C £ 2 ) C) C) on R^ it suffices to 

check that dimKert'p = 1 for all p € p{U). Indeed, assume that dimKert'p > 2 and let {H,H') be a 
2-dimensional subspace in Kert'p. Then (48) implies that supp(C'p) C £ fl H'. On the other hand, it 
follows from (49) that either Cp = 0 , which would imply that Hom(£ 2 ,£i) 7 ^ 0 thus contradicting (C.3), 
or that D = supp(C'p) is a divisor in X. Since D C H D H', we have H G and {p,H) G ^“^(Zl^l). 

Consider a map p{U) —> P(F*) given by the line subbundle Kerj^|p(( 7 ) C P* 0 0|p(f/). Combining it 
with the embedding p{U) C R)„ we obtain a map to p{U) —> 1/ C R)„ x P(F*), which is clearly the 
inverse to the projection p. □ 

Consider the group G = (GL(£i) x GL(£ 2 )) /k*. Let x ■ G ^ k* denote the character 

X{9i,g2) = det(5i)-^^"'('^^)det(52)^^"'(''^), 

corresponding to the slope function (46). Consider the action of G on R^ by isomorphisms of represen¬ 
tations linearized by the character y, and the trivial action of G on P(I/*). Note that R)„ C R^ and 
R-m C R^ X P(I/*) are G-invariant closed subschemes (if (51) is satisfied). Consider the following GIT 
quotients: 
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• the moduli space of semistable representations; 

• = Rf^/Z^G C the moduli space of stable representations; 

. Ym = RUxG C Mf^ X P(y*); 

Let gm ■ Ym —> P(1L*) denote the projection to P(l/*). Let 

[m/2] 

= 9m{Ym) C P(y*), = ( |J Zfc) U ( |J 

k=i o<D<n 


Then Zm is closed in P(y*). Consider 

\ gZn^Zm) = 5m (P(^*) \ ^m) 


and let Qm ■ Ym P(C*) denote the restriction of gm to Ym- 


Lemma 5.5. The map gm ■ Ym F(y*)\Zm is projective and the projection Ym —<■ A4m is an embedding. 

Proof: Since is closed in x P(C*) it follows that Ym is closed in .Kim x P(C*), which is a 
projective variety by results of [Ki], Therefore, Ym is projective and the map (jm is projective as well. 
On the other hand, the map gm is obtained from gm by a change of base P(C*) \ Zm —> P(C*), hence 
it is also projective. Further note that any (di,d 2 )-dimensional strictly semistable representation p of 
Q with gcd(di,d 2 ) = rn contains a (d'^,d 2 )-dimensional grading factors with gcd(d'^,d 2 ) < [m/2] in its 
Jordan-Golder filtration. Hence gm{p) £ Zm and p 0 Ym- So, the projection of Ym in Kim is contained in 
Kim- Moreover, by proposition 5.4 this projection is an embedding (compare the definition of Ym C Ym 
and U C R^). □ 


Lemma 5.6. There exists a sheaf of Azumaya algebras Am on Kim, such that the universal family 
(7^1, 7 ^ 2 ) of representations of the quiver Q on R^ descends to a universal family (^ 1 ,^ 2 ) in the category 
of coherent Am-^odules on Kim- Moreover, we have a right exact sequence 

W(ZFfmFi^ Ff K F 2 © Ff MFi^ ^ 0 

on M^m X TWm- 

Proof: Since the action of G on R^ is free every GL(7?i) x GL(i? 2 )-equivariant vector bundle on R^ 
descends to Kim iff the diagonal subgroup k* C GL(i?i) x GL(7?2) acts on it trivially. However, the 
diagonal subgroup acts on both TZi and 7^2 with weight 1. To get rid of this action we choose one more 
representation Rq of the group GL(i7i) x GL(i? 2 )) on which the diagonal subgroup acts with weight 1 
and consider the trivial vector bundle TZq with fiber Rq on R. Then the diagonal subgroup acts trivially 
on (T^g (g) TZi,TZq G) 7 ^ 2 ), hence this family descends to Kim = ^m//xG and gives a family of (^ 1 ,^ 2 ) 
of representations of the quiver Q on Kim, which is quasiuniversal. Moreover, £’nd(7^o) is a sheaf of 
G-equivariant Azumaya algebras, which descends to a sheaf of Azumaya algebras Am over Kim- It is 
clear that {Fi , F 2 ) is a universal family of representations of the quiver Q in the category of coherent 
Mm-modules. 

It remains to check that the above sequence is right exact. The action of the group G on R^ gives a 
map TT : R^ x G ^ R^ x R^, {p,g) ^ {p,gp). Let us check that the complex 

ad(p) 

C = { W © 7^2 ^ -^7^2 ^ ^2 © 7^1 ^ 7^1-}, 

on R^x R^ is acyclic in the middle and right term. For any point {pi, P 2 ) & Rm x Rm we have an exact 
sequence 

0 ^ HomQ(p2,/5l) ^ 7^2pl © 'R 2 P 2 ® ^IPI ® ^lp 2 7^2pi © Extg (/92,/Ci) ^ 0. 

46 



Since both pi and p 2 are stable, we have HomQ(/92,/Ji) = 0 for (/ 0 i,/ 02 ) 0 7r(R^xG), and HomQ(/92,/9i) = k 
for {pi,p 2 ) G ^ ^)- Therefore, and 'H~^{C) are supported set-theoretically on 7r(R^ x G). 

Now compare two spectral sequences computing 7f”'(7r*C). The first term of the first spectral sequence 
= W{tt*{CP)) nP+HTr*C) has form 

ad(p) 

W (g) (g> TZi ® 7^2 © 7^^ ( 8 ) 7^l - ^ o 

0 0 ~~~~~^n-^{TT*TT^O) 

0 0 7f-2(7r*7r*C>) 

Note that the top line is acyclic in the middle and right term, its cohomology in the left term at a 
point (p,S') G R^ X G is equal to ExtQ(p,p)* = T*A4^ = {'H~^{Tr*7r^O))(^pgp and it is clear that the 
dashed arrow is an isomorphism. It follows that 7r*C € x G). Then the second spectral 

sequence Ef’'' = W(7r*(nP(C))) HP+‘?(7r*C) implies that 7f°(7r*H°(C)) = n°(7r*n-^(C)) = 0, hence 

TiP{C) = = 0 since both are supported set-theoretically on 7r(R^ x G). Tensoring C with 

we obtain a complex 

ad(p) 

IT © (7^5 © 7^2)* ^ (7^o © 7^l) ^ {nl © 7^2)* ^ (7^o © 7^2) © {TVq © 7^l)* K (7^S © TZi) tt* Snd{no) 
which is acyclic in the middle and right term. Therefore, after descent to ^ it gives a complex 

ad(p) 

VT © ^ 2 * Kl Fi — F 2 Kl F 2 © F^ Kl Fi ^ A^Am acyclic in the middle and in the right term. □ 

We restrict the sheaf of Azumaya algebras Am and Am-modules (^ 1 ,^ 2 ) from to Tn and denote 
the restrictions by the same symbols. 

Theorem 5.7. Assume that we have a data (D.l), (D.2) satisfying the eonditions (C.1)-(C.3). Assume 
that additional conditions (45) and (51) are satisfied. Then the Azumaya variety {Ym,Am) with the map 
dm ■ Ym P(T*) \ Zm, the pair of Am-wiodules {Fi, F 2 ), and the canonical morphism W —> Hom(Fi, F 2 ) 
satisfy the conditions (C.4)-(C.6). 

Proof: Condition (C.4) is proved in lemma 5.5, and condition (C.5) is proved in lemma 5.6. It remains to 
check condition (C.6). To this end denote U = R)^ \ gi^{Zm) = Rm \ so that Ym = UHxG, 

and recall that the composition 

TmOnvgi-^) ^v*(gOuGU q,{{E*2{i) K ni) © c) 

on U is zero. By adjunction we deduce that the composition 

q*g*mOnv*){-^) Ox XU ^ {E*2{l)Mn*2) © G 

on A X t/ is zero. Tensoring by we deduce that u takes the image A of the canonical 

element idy G T* © T = R0(A, 0^(1)) © R°(P(T*), Op(y*)(l)) in H^{X x U,Oxil) ^ gMiVgCi-)) to 
0 G H^{X X U, (S|(l)K1772©pj)jGp(y*)(l))©G). This means that the composition of the left and bottom 
arrows in the following commutative diagram 

£'2(-1) KI (7^2 © PmGp(y*)(-l)) -^ G © (Gx(-l) ^ 5mC’p(l/*)(-l)) 



vanishes. But the upper arrow is an epimorphism. Hence the right arrow also vanishes. This means, that 
G is supported scheme-theoretically on the zero locus of A. But it is clear that after going down to the 
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quotient X x Ym = {X x U)jl^G the bundle Ox(l) ^ descends to Ox(l) ^ Cly^(l) and its 

section A descends to the canonical section of Ox{^) ^ Cly^(l). □ 

The problem thus reduces to the choice of m such that conditions (C.7) and (C. 8 ) are satisfied. I don’t 
know how to make this choice in general. See however the following examples where the choices are made 
explicitly. 

6 . Examples 

Examples in this section are ordered by the complexity of the variety Y. In examples 6.1 and 6.2 the 
variety Y can be described explicitly and Ay = Oy- In examples 6.3, 6.4 and 6.5 we use the approach of 
section 5, consider the corresponding varieties Y 2 , T 3 and ^4 respectively, and only after that give their 
description. 

6.1. Grassmannian. Let IE = and 

X = Gr(2,IE) = Gr(2,5), (EyEa) = {OxMx), 

where Ux <ZW ® Ox is the tautological rank 2 subbundle. Let V = A^W = and let f : X ^ P(E) 
be the Pliicker embedding. Take 

E = Gr(2,IE*) = Gr(2,5), Ay = Oy, (Ey E 2 ) = (Z^y, Oy), 

where Uy C W* ®Oy is the tautological rank 2 subbundle. Let g :Y ^ P(E*) be the Pliicker embedding 
(i.e. Z = 0). Then Hom(Ei,E 2 ) = IE*, Hom(Ei,E 2 ) = IE, and we take (j) = id^y. 

It is easy to check that all conditions (C.1)“(C.8) are satisfied, so theorem 1.2 applies, and we have 
the following semiorthogonal decompositions (note that codimp(y*)(E) = 3, therefore for any admissible 
subspace L C E* of dimension dim L < 3 we have Yl = 0) 

V\X) = (El (1), E 2 (1), El (2), E 2 (2), El (3), E 2 (3), El (4), E 2 (4), El (5), E 2 (5)) 

V\Xi) = (Ei(1),E2(1),Ei(2),E2(2),Ei(3),E2(3),Ei(4),E2(4)) 

V\X2) = (Ei(1),E2(1),Ei(2),E2(2),Ei(3),E2(3)) 

V\X^) = (Ei(1),E2(1),Ei(2),E2(2)) 

V\X^) = (E'(y4),Ei(l),E2(l)) 

V\X^) = V\Y^) 

where Y^ = Y IP(L) is a linear section of Y by an admissible subspace L C E* of dimension r, and 
Xr = y n P(E“’-) is the corresponding orthogonal linear section of X of codimension r. Note that Xi, 
X 2 and ^3 are always smooth, X-^ is the Fano threefold of index 2 and degree 5 (E 5 threefold), X 4 is a 
del Pezzo surface of degree 5 (possibly singular), L 4 is a zero-dimensional scheme of length degE = 5, 
and X^, E 5 are elliptic curves of degree 5 (possibly singular). 

In particular, the results of Orlov [01] about the derived category of the Fano threefold E 5 follow from 
theorem 1 . 2 . 

6.2. Orthogonal Grassmannian. Let IE = k^° and 

X = 0Gr+(5,IE), {EyE2) = {OxMx): 

where 0Gr-|_(5, IE) is a connected component of the Grassmannian of 5-dimensional subspaces in IE, 
isotropic with respect to a chosen nondegenerate quadratic form q G S^IE*, and Ux ^ W ® Ox Is 
the tautological rank 5 subbundle. Let E = k^® be the corresponding half-spinor representation of the 
spin-group Spin(IE) (see [Ch]), and let / ; X ^ P(E) denote the canonical embedding. Take 

E = 0Gr_(5,IE), Aly = Oy, (Ey E 2 ) = (LZy, Oy), 
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where Uy C W0Oy is the tautological rank 5 subbundle. We denote hy g : Y P(y*) the composition of 
the embedding Y P(F) and of the isomorphism P(y) ^ P(F*) given by q. Then \^om{Ei,E 2 ) = W*, 
Hom(Fi,F 2 ) = IT*, and we take (j) = q“^. 

It is easy to check that all conditions (C.1)-(C.8) are satisfied, so theorem 1.2 applies, and we have 
the following semiorthogonal decompositions (note that codimp(y*)(y) = 5, therefore for any admissible 
subspace L C T* of dimension dimL < 5 we have Y^ = 0) 

V>’(X) = (Si (1), £2 (1), (2), (2), Si (3), S 2 (3), Si (4), S 2 (4), Si (5), S 2 (5), Si (6), S 2 (6), Si (7), S 2 (7), Si (8), S 2 (8)) 

V\Xi) = (Si(l), S2(l), Si(2), S2(2), Si( 3), S2(3), Si(4), S2(4), Si(5), S2(5), Si(6), S2(6), Si(7), S2(7)) 

V\X2) = (Si(l), S2(l), Si(2), S2(2), Si( 3), S2(3), Si(4), S2(4), Si(5), S2(5), Si(6), S2(6)) 

V^Xs) = (Si(l), S2(l), Si(2), S2(2), Si( 3), S2(3), Si(4), S2(4), Si(5), S2(5)) 

V\X4) = (Si(1),S2(1),Si(2),S2(2),Si(3),S2(3),Si(4),S2(4)) 

V\X,) = (Si(1),S2(1),Si(2),S2(2),Si(3),S2(3)) 

V\Xe) = (S*>(y6),Si(l),S2(l),Si(2),S2(2)) 

V*’{Xr) = (S*>(yr),Si(l),S2(l)) 

V\Xs) = V\Ys) 

where Yr = Y D P(T) is a linear section of Y by an admissible subspace L C T* of dimension r, and 
Xr = X n P(L-’-) is the corresponding orthogonal linear section of X of codimension r. Note that Xi, 
X 2 , X 3 , X 4 and X 5 are always smooth, Xq is a Fano fourfold of index 2 (possibly singular), Yg is a 
zero-dimensional scheme of length degT = 12, Xj is a Fano threefold F 12 (possibly singular), Yj is a 
curve of genus 7 (possibly singular), and Xg, Fg are X3-surfaces of degree 12 (possibly singular). 

In particular, the results of [K] about the derived category of the Fano threefold V 12 follow from 
theorem 1.2. Indeed when Xj is a smooth Fano threefold Viq then Yj is a smooth curve of genus 7, and 
we obtain a decomposition 

V\Vu) = {V\C7),0,U*), 

where 6*7 is a curve of genus 7. 

6.3. Lagrangian Grassmannian. Let IF = k® and 

X = LGr(3,IF), {Ey E 2 ) = {OxM*x), 

where LGr(3, IF) is the Grassmannian of 3-dimensional subspaces in IF, Lagrangian with respect to a 
chosen symplectic form a G h?W*, and lAx C IF ( 8 > Ox is the tautological rank 3 subbundle. The natural 
representation of the group Sp(IF) in the space A^IF decomposes into the direct sum of representations 

= IF © F. 

The Pliicker embedding Gr(3,IF) C P(A^IF) restricts to an embedding / ; X ^ P(F). Now we apply 
the construction of section 5 and take Y = Y 2 , Ay = A 2 , Z = Z 2 , g = g 2 , the corresponding universal 
family {Fi,F 2 ), and the map (p induced by the Q-representation structure on {Fi,F 2 ). 

It is shown in Appendix A that all conditions (C.1)“(C.8) are satisfied, and in fact 

Z = ;u(Gr(3,IF*))=MGr(3,6)), 

where g : P(A^IF*)— ^P(F*) is the linear projection from P(it A IF*), and 

y = x^ \ z, 

where X^ is the projectively dual variety of X, which is a quartic hypersurface, singular along Z C P(F*) 
(see [Ho]). Thus we have the following semiorthogonal decompositions (note that codimp(-y*)(y) = 1, 
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therefore for any admissible subspace L CV* of dimension dimL < 1 we have Yl = %) 

V\X) = {E^{l),E2{l),E^{2),E2{2),E^{‘i),E2{?,),E^{Y),E2{A)) 

V\Xi) = {E^{l),E2{l),E^{2),E2{2),E^{2,),E2{‘i)) 

V\X^) = {V\Y2),E^{1),E2{1),E^{2),E2{2)) 

V\Xs) = {V\Ys,Ay),Ei{ 1 ),E 2 { 1 )) 

V\X^) = V\Y^,Ay) 

where Yr = Y D P(-h) is a linear section of Y by an admissible subspace L C F* of dimension r, and 
Xr = X nP(L-’-) is the corresponding orthogonal linear section of X of codimension r. Note that Xi is 
always smooth, X 2 is a Fano fourfold of index 2 (possibly singular), Y 2 is a zero-dimensional scheme of 
length degy = 4, X^ is a Fano threefold Viq (possibly singular), Y 3 is a plane quartic (possibly singular), 
and X 4 , Y 4 are ii'3-surfaces of degree 16 and 4 respectively (possibly singular). 

In particular, the results of [SI, S2] about the derived category of the Lagrangian Grassmannian X 
and of its hyperplane section Xi follow from theorem 1.2. Moreover, when X 3 is a smooth Fano threefold 
ViQ then 13 is a smooth curve of genus 3, hence V’^{Y^,Ay) = T>^{Y^) (the Brauer group of a smooth 
curve is trivial), and we obtain a decomposition 

v\Viq) = {v\c^),o,W), 

where 6*3 is a curve of genus 3. 

6.4. G 2 Grassmannian. Let IF = and 

X = G2Gr(2,IF), {E,, E 2 ) = {Ox,U*x), 

where G 2 Gr( 3 , IF) is the Grassmannian of the simple Lie group G 2 , realized as the zero locus of the section 
s\ G LI°(Gr(2, IF),W-*“(1)) = h?W*, corresponding to a unique G 2 -invariant 3-form A on the tautological 
G 2 -representation IF, U dW ® GGr( 2 ,w) is the tautological rank 2 subbundle, and Ux is the restriction 
of U to X. The natural representation of the group G 2 in the space A^IF decomposes into the direct 
sum of representations 

= IF* © F 

(the projection A^IF ^ IF* is given by A). The Pliicker embedding Gr(2,IF) C P(A^IF) restricts 
to an embedding f : X ^ P(F). Now we apply the construction of section 5 and take Y = Y^, 
Ay = AI 3 , Z = Z 3 , g = gs, the corresponding universal family {Fi,F 2 ), and the map 4 * induced by the 
Q-representation structure on (^ 1 ,^ 2 )- 

It is shown in Appendix B that all conditions (G.1)~(C.8) are satisfied, and in fact 

Z = MGr(2,IF*))=/i(Gr(2,7)), 

where g : P(A^IF*)— ^P(F*) is the linear projection from P(A(IF)), and 

g : Y ^'^> P(F*) \ Z is the double covering ramified at X'^ \ Z C P(F*) \ Z, 

where is the projectively dual variety of X which is a sextic hypersurface, singular along Z C P(F*) 
(see [Ho]). Thus we have the following semiorthogonal decompositions 

V^{X) = {E,{l),E2{l),Eii2),E2{2),Eii3),E2{3)) 

P'(Xi) = {V’’{Y,),E,{1),E2{1),E,{2),E2{2)) 

V\X2) = {V\Y2,Ay),Ei{1),E2{1)) 

V\X^) = V\Y:i,AY) 

where Yr = Y n P(L) is a linear section of Y by an admissible subspace L C V* of dimension r, and 
Xr = X nP(L-’-) is the corresponding orthogonal linear section of X of codimension r. Note that Xi is 
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a Fano fourfold of index 2 (possibly singular), Vi is a zero-dimensional scheme of length degF" = 2, X 2 
is a Fano threefold Fig (possibly singular), Y 2 is a curve of genus 2 (possibly singular), and X3, Y 3 , are 
XS-surfaces of degree 18 and 2 respectively (possibly singular). 

In particular, the results of [Ra] about the derived category of the G2-Grassmannian X follow from 
theorem 1.2. Moreover, when X 2 is a smooth Fano threefold Fg then F is a smooth curve of genus 2 
(by projective duality), hence T>^{Y 2 , Ay ) — ^^(F) (the Brauer group of a smooth curve is trivial), and 
we obtain a decomposition 

V\Vis) = {V\C2),0,W) 

where C 2 is a curve of genus 2. 

6.5. Intersection of quadrics. Let W = and 

X = P(IF)=P^ {EyE 2 ) = {Ox,Ox{l)). 

Let V = S‘^W = and let / : X ^ P(F) be the double Veronese embedding. 

Now we apply the construction of section 5 and take Y = Y 4 , Ay = A^, Z = Z4, g = g^, the 
corresponding universal family {Ei,E 2 ), and the map (j) induced by the Q-representation structure on 
{Fi,F2 ). 

It is shown in Appendix C that all conditions (C.1)-(C.8) are satisfied, and in fact Z C P(5'^IF*) is 
the locus of rank 4 (corank 2) quadratic forms and 

g : Y ^'^> P(F*) \ Z is the double covering ramified at X'^ \ Z C P(F*) \ Z, 

where X'^ is the projectively dual variety of X which is the determinantal sextic hypersurface (the locus 
of degenerate quadratic forms), singular along Z C P(F*). Thus we have the following semiorthogonal 
decompositions 

V^iX) = (Ox(1), Ox(2), Ox(3), Ox(4), Ox(5), Ox( 6 )) 

P'(Xi) = {V\Y4),Ox(l),Ox(2),Ox(3),Oxi4)) 

V\X 2 ) = (p\Y 2 ,Ay),Ox{l),Ox{ 2 )) 

V\X^) = V\Ys,Ay) 

where Yr = Y D P(L) is a linear section of Y by an admissible subspace L C F* of dimension r, and 
Xr = X nP(L-’“) is the corresponding orthogonal linear section of X of codimension r. Note that Xi is 
a four-dimensional quadric (possibly singular), Yi is a zero-dimensional scheme of length 2, X 2 is a Fano 
threefold of index 2 and degree 4 (an intersection of two four-dimensional quadrics) (possibly singular), 
F2 is a curve of genus 2 (possibly singular), and X3, F3 are iL3-surfaces of degree 8 and 2 respectively 
(possibly singular). 

In particular, the results of [BOl] about the derived category of an intersection of two four-dimensional 
quadrics follow from theorem 1.2. 

It is also worth to note that the sheaf of Azumaya algebras Ay on Y can be constructed in quite 
another way. More precisely, one can check that the sheaf of algebras g^Ay is isomorphic to the even 
part of the universal Clifford algebra (see the introduction). 

Appendix A. Lagrangian Grassmannian 

In this appendix we show that a quartic hypersurface in is homologically projectively dual to the 
Lagrangian Grassmannian LGr(3,6). 

Recall the notation. Let IF = k® and 

A = LGr(3,IF), {EyE 2 ) = {OxM*x). 
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where LGr(3, VF) is the Grassmannian of 3-dimensional subspaces in W, Lagrangian with respect to a 
chosen symplectic form a G h?W* , and lAx C IF < 8 ) Ox is the tautological rank 3 subbundle. The natural 
representation of the group Sp(lF) in the space h?W decomposes into the direct sum of representations 

= IF © F. 

The Pliicker embedding Gr(3, IF) C P(A^IF) restricts to an embedding f ■. X —> P(F). 

Lemma A.l. We have dimA = 6 , tax — 4). Moreover, conditions (C.1)-(C.3) as well as the 

additional conditions (45) and (51) are satisfied for X. 

Proof: Note that X C Gr(3, IF) is a zero locus of a regular section So- G H^{Gr{3,W), A'^U*). Hence 
dim A = dim Gr(3, IF) — rank(A^Z^*) = 9 — 3 = 6, 

— <^Gr( 3 ,vu)|x G) det(A^Z^*) = Ox(—G) © C>x(2) = C>x(—4). 

In particular, (C.2) is true and ix = 4. Further, using the Koszul resolution A*{Is?‘U) = Ox of X in 
Gr(3, IF) it is easy to check that H^{X,Ox{l)) — V*, hence f{X) is not contained in a hyperplane, 
i.e. (C.l) is true. Using again the Koszul resolution we compute Hom{Es{k), Et{l)) via Borel-Bott-Weil 
theorem and check that (C.3) and (45) is true. Finally, we note that Ri = Hom(k^,IF*) and R)" C Ri 
corresponds to the subset of embeddings k^ C IF*. Therefore, codimRj(Ri \Ri) = 4 and (51) is satisfied 
by lemma 5.3. □ 

Now we are going to apply the construction of section 5 and describe the space Y = ¥2 explicitly. The 
question turns out to be rather cumbersome. However, it seems easier to describe instead Py 2 ,» 42 (-^ 2 *)) 
the moduli space of quotient A 2 -modules of rank 1. Indeed, the fiber of Py 2 ,T 2 (-^ 2 *) point of 

F 2 corresponding to a (6, 2)-dimensional representation p = {Ri,R 2 ) of Q coincides with P(i? 2 )- We 
show that any line R'2 C R2 can be extended in a unique way to a ( 1 , l)-dimensional subrepresentation 
p' = (ii^,i? 2 )- The moduli space of (1, l)-dimensional representations of Q is P(IF). We claim that 
defined in this way map '^Y2,A2{^2) P(IU) identifies Py 2 ,. 42 (^ 2 *) with an open subset in a P®-bundle 
over P(IF), explicitly Y = Pp(i 4 /)(Up^^^( 3 )/Op(^)(—1)). To prove this we go the other way round. We 

consider the space Y , and identify its open subset with '^Y2,A2{^2)- 
We start with several useful lemmas. 

Lemma A.2. ITe have Yi = Zi = ^(Gr(3, IT*)), where p : P(A^IF*)— ^P(F*) is the linear projection 
from ¥{a A IF*) C P(A3IU*). 

Proof: If m = 1 then (^ 1 ,^ 2 ) = (3,1). A (3, l)-dimensional representation p : IF © ^ i ?2 is X- 

semistable iff the corresponding map Ri © i ?2 ^ is an embedding. Thus gets identified with 

Gr(3, IF*). Moreover, it is easy to see that in this case every hyperplane section of X is irreducible, and 

we have R} = R} = R| = Rf^ and the lemma follows. □ 

Consider a product X x P(IF) and a subscheme Fx(plx) C X x P(IU). 

Lemma A. 3. The following sequences on X x P(IF) are exact 

0 ^ Ox{—T) © Op(iy)(—3) ^ A^Ux © Op(iy)(—2) ^ Ux © Op^wfi—l) Ox © Gp(iy) ^ ^ iij 

0 ^ Ox(—^) © (!lp(w)(“3) ^ lAx{—l) © (!lp(vp)(—2) ^ Ox © Hp(vp) ^ Ux ^ Gp(vp)(—1) ^ Gpx(i2x) ^ 0. 

Proof: The first sequence is just the Koszul resolution of Fx{hlx) C A x P(IF) (note that — Uxi the 
isomorphism is given by cr). Further, it follows from exact sequences 

0-^ Ux Kl Op(vi/)(— 1) -^ IF* © Ox Kl Clp(vp)(—1)-^ Ux ^ C>p(pi/)(—1)-^ 0 

0-^ Ox ^ f^p(vy)-^ IF* © Ox Kl Clp(vp)(—1)-^ Ox ^ Of(yY) -^ 0 
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that the kernel and the cokernel of the composition maps Ux ^ ^ ^¥{w) Ox ^ 

^P(iy) ^x ^^P(W")(“1) coincide. Taking also into account that h?Ux — ^xi~^) obtain the second 
sequence from the hrst one. □ 

Consider the truncated first sequence of lemma A.3 as a resolution of the sheaf of ideals Jvx{Ux)- 
Tensoring it with Ox{^) and pushing forward to P(fT) we obtain exact sequence 

0 ^ C>p(v(/)(-3) ^ W* (8) C>p(ty)(-2) ^ {K^W*/ka) (g) C>p(v(/)(-l) ^ P2*{J¥x(Ux) ® ^x{'^)) 0, 

where p 2 ■ X x P(fT) —> P(fT) is the projection. Taking into account exact sequence 

0 ^ C>p(iy)(—3) ^ W* iSi Op(iy)(—2) ^ h^W* ® C>p(^y)(—1) ^ ^ 0 

we can rewrite it as 

0 ^ C>p(ty)(- 1) > f2p(-p^)(3) ^ P2if{J¥x{Ux) ® ^x{^)) 0. 

Lemma A.4. Morphism (!?p(^)(—1) f2p^^^(3) is an embedding of vector bundles onP(fT). 

Proof: This morphism is Sp(fT)-equivariant and Sp(fT) acts transitively on P(fT). □ 

Consider the projectivization of the quotient bundle 

y = Pp(n/)(f^P(n/)(3)/C’p(n/)(-l)) = ^v{w){P2^.{J¥x{Ux) ® C>x(l)))- 
The natural embedding P2*{J¥xiUx) ® C>x(l)) ^ H^{X,Ox{'i-)) 8) C>p(iy) = V* 0 Op(iv) induces a 
morphism Y —^ P(i/*). Let tt : T —> P(fT) denote the canonical projection. Denote also 

Oy(F) :=rOp(u)(l), ~g:Y^F{V*), and Oy{h) := 7r*Op^w)i^), 7r:y^P(fT). 

Consider the product X x Y, the projection idx x n : X x Y ^ X x P(fT), the subschemes 
S = (idx X tt)-\Fx{Ux)), Q = Q(X,Y) = {XxY) x^v)x¥iv*) Q, 

and the equation sq € H^{X x Y,Ox{l) ^ Oy{H)) = H^{X xY,{f x 5)*Op(y)xP(u*)(l, 1)) = C* 8 C 
of Q in A X y. 

Lemma A.5. The section sq vanishes on the scheme S. 

Proof: We have on T a canonical embedding 

Oy{-H) ^ X*p2,{J¥x{Ux) ® <^x{l)) = P 2 *(Je 8 Ox{l)). 

Tensoring it by Oy{H) we obtain a canonical morphism O^^y Js8(Clx(l)^Oy(^^))- It is clear that 
the composition of this morphism with embedding Js 8 (Ox(l) ^ Cly (-fl)) ^xi^) ^ Cly (//) coincides 
with Sq. □ 

Consider the pullback of the second exact sequence of lemma A.3 to A x T. Consider the cone G' 
of its first morphism twisted by Oxi^) ^ Cly(-fl)) and the cone G” of its third morphism as objects of 
V^{X X Y), so that we have exact triangles 

El K OyiH - 3h) E2 ^ Oy{H - 2h) -^ G' 

El Kl 2^ E 2 81 Oy{—h) -^ Q" 

Then the pullback of the second exact sequence of lemma A.3 can be rewritten as exact triangle 

G' 8 {Ox{-l) K Oy{-H))[l] ^ G" ^ Os. 
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It is clear that morphisms e' and e" determine a structure of Q-representations on families {OyiH — 
3/i), Oy (-fl — 2/i)) and (7r*np(^p Oy (—/i)) on y. 

Lemma A.6. There exist a unique extension 

^ {Oy{H -2h)) ^ (Fi,F 2) ^ (7r*Op(vK),Oy(-/i)) ^0 (53) 

in the category of families of Q-representations on Y such that the cone of the induced morphism e : 
EiM Fi E 2 ^ F 2 is a coherent sheaf supported scheme-theoretieally at Q. 


Proof: Since {Ei,E 2 ) is an exceptional pair, Hom(£'i,£' 2 ) = W*, and the sheaf of homomorphisms 
of Q-representations from (7r*flp(^y), Oy (— /i)) to {Oy{H — 3h),OY{H — 2h)) equals zero, we have a 
bijection between the set of all extensions (53) in the category of families of Q-representations on Y and 
Ext^(G'^ G') = Hom(G''[—1], G'). Moreover, it is clear that the cone of e is isomorphic to the cone of the 
corresponding morphism e : G"[—l] G' . Thus we have to construct a morphism e : 1] —> G' , such 

that the cone of e is a sheaf supported scheme-theoretically at Q. This can be done as follows. 

Let i : Q ^ X xY denote the embedding. Consider the diagram 





G' 




G'®{Ox{-l)MOy{-H))[l] 


-G" 


di] 


G'[l] 


Ot, 


(the horizontal line is the exact triangle (52) and the vertical line is the exact triangle obtained by 
tensoring the resolution of i^Oq with G'). It follows from lemma A.5 that the dashed arrow is zero. 
Hence there exist dotted arrows making the diagram commutative. Moreover, since codirriy^y S = 3 it 
follows that the functor Ext-^(C>s, —) is zero on any locally free sheaf on A x T, hence Hom(Os, G*^[l]) = 
ExX^{Oy,,G') = 0, since G' admits a locally free resolution of length 2. Therefore the dotted arrows are 
unique. 

Further, the octahedron axiom implies that the cone of e is isomorphic to the cone of e'. Thus it 
remains to check two things: that e' = for some e" G Hom(Os[—1], TGO) that i*G' is a coherent 
sheaf. But by definition s' is obtained from an element of the space 

Hom(?,Os[-l], G" ® (Gx(-l) ^ Oy{-H))[l]) = 

= Hom{Oj:[-l],r{G'(^{Ox{-l)^Oy{-H))[l])) ^ Hom(Os[-l]c'*G'), 

so the first is true. For the second we must check that KerTe' = 0. But the second exact sequence of 
lemma A.3 shows that KerTe' = ?f“^(T(C>sC)(C>x(l)^Gy (^I)))) which is zero because the Tor-dimension 
of i equals 1. □ 

Lemma A.6 says that the family (^ 1 ,^ 2 ) on T is a family of Q-representations and that on A x T we 
have the following exact sequence: 

0 —> El K El —^ E 2 ^ F 2 —^ —> 0, 

where f is a coherent sheaf on Q. 

Lemma A.7. The family (^ 1 ,^ 2 ) induces a morphism 4> :Y ^Y 2 such that g = 92 ° 4>- 
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Proof: For any point y d Y we choose a trivializations of Fi and F 2 in a small neighborhood of y. 
This induces a morphism cj) of this neighborhood into a representation space of the quiver Q. Since 
rank(Fi) = 6, rank(F 2 ) = 2, and gcd(6,2) = 2 this is the space R 2 . Let y' be an arbitrary point of the 
neighborhood. Let us check that <p{y') G R^- Indeed, this is equivalent to the injectivity of the map r}*e, 
where y : X x y' ^ X x Y is the embedding, or equivalently to G But it was shown in the 

proof of lemma A.6 that we have an exact triangle 

Oe [-1] . 

Thus it suffices to check that yi*iX*G' G and ri*0-£ G F-^. Note that the following diagrams are 
exact cartesian by 2.27 




QiX,Y) 


Xxy' 

V 

X xY 


sn A 


Xxy' 

V 

X xY 


and the top arrows are closed embeddings. The second inclusion follows immediately and for the first we 
note that by (52) we have H~^{r]*i^,i*G' (8) Ox(—1) <8) Oyi—H)) = and on the other hand 

ri*iX*OT, = y*O^, = G F-~^. 

Further, supp? 7 *L£’ = suppi(,? 7 *£l = Xyi, is a hyperplane section of A, hence ^ 

Composing (j) with the factorization map R 2 ^1^2 = 'R.\//^G we obtain a map (jiy from the neighbor¬ 
hood of y in A to ^ 2 - It is clear that (j)y doesn’t depend on a choice of trivializations, hence constructed 
morphisms (l)y glue into a morphism cj) : Y Y 2 - Finally, since Lf” is supported on Q it follows that 
g = g2 0<t). □ 

Let A° = A \ g~^{Zi) and denote the restriction of g and (j) to A° by the same symbols. 

Lemma A.8. The map g : Y° ^ P(A*) \ Zi factors through A^ \ Zi, where A^ C P(A*) is the 
projectively dual quartic hypersurface. Moreover, the general fiber of g : Y° A^ \ Zi is a conic. 


Proof: Let Hg(^yij c P(A) be the hyperplane corresponding to a point g{y') G P(A*). It is clear from the 
proof of lemma A.7 that for any point y' €Y we have 

A n Hy^y,) = Xy, = 7/“ ^^^ ^^ ) = LGr(2,4), 

But a smooth hyperplane section of A = LGr(3,6) cannot contain a LGr(2,4) by Lefschetz theorem. 
Hence A n is singular for any y' G A, hence g{Y) C A^ C P(A*). Moreover, it is easy to compute 

the intersection index • /i = 8 on A, which implies that the map g : Y ^ A^ is surjective and its 
generic fiber is a conic in P(IA), because A^ is a quartic hypersurface by [Ho]. □ 

Recall that we have a sheaf of Azumaya algebras A 2 on A 2 and that F 2 is a locally projective A 2 -module 
on A 2 of rank 2. Let Py 2 A 2 (-^ 2 *) denote the moduli space of locally projective quotient A 2 -modules of 
rank 1. Then Pi 2 A 2 (-^ 2 ) is u conic bundle over Y2. 

Proposition A.9. ITe have Y° = Py2,v42(-^2*)- 

Proof: Let y G Y°. Then f){y) G A 2 and g2{4>{y)) = g{y) 0 Zi, hence f){y) G A 2 . Therefore (j) takes Y° to 
A 2 . Moreover, it follows from the construction of the map cf in lemma A.7 and from the construction of 
the family (^ 1 ,^ 2 ) on A 2 in lemma 5.6 that (j)*F 2 = Fq (8) T 2 and (/)*A 2 = Snd^Fo) for a certain vector 
bundle Fq on A°. The epimorphism F 2 —> Oy{—h) from (53) gives an epimorphism of £lnd(Fo)-uiodules 

Fq F 2 ^ Fq (—/i), hence induces a morphism A° ^ lPy2,.42(-^ 2 *)- 
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Vice versa, choose a point y G 1 *^ 2,-42 (-^ 2 *)- Let y G >2 be its projection and let p : TV0-Ri —> i ?2 be the 
corresponding ( 6 , 2)-dimensional representation of the quiver Q, and R 2 ^ k — the corresponding one¬ 
dimensional quotient. Let R '2 C R 2 be its kernel and consider the composition Ei®Ri E 20 R 2 £' 2 - 

Applying Hom(£'i, —) we obtain a map Ri W*. Let R'l denote the kernel of this map. Then we have 
a diagram 

0 

I 

0-^ El 0 R[ - 

'I' 

0 -^ Ei(g)Ri- 

I 

0 -^ K" -^ El 0 Ri/R'i 

I 

0 

which induces an exact sequence 

0^ K" ^C' ^ 0. (55) 

Note that the sheaf C is supported on the hyperplane section Xy = n X C A and its rank at the 

generic point of Xy equals ci(R 2 0 R 2 ) — ci{Ei 0 Ri) = 2 . 

We claim that dimR' = 1 and we are going to prove it by a case by case analysis. 

Since {R'l^R^) is a subrepresentation of (^ 1 ,^ 2 ) and {Ri,R 2 ) is stable by lemma 5.5 we have 

dimi?'^ < 3, 

so we need to reject two cases: dimi?'^ = 2 and dimR( = 0 . 

Assume that dimR( = 2, dimRi/R^ = 4. Then the bottom line of the diagram (54) takes form 

^ (Ri/R'i) ®Ox C" 0. 

Since C" is a quotient of C by (55) we have rank(C'") = 0, hence rank(iL") = 4 — 3 = 1. Thus K" 
is a reflexive sheaf of rank 1 , hence K" is a line bundle by [OSS]. Since PicX is generated by Ox(l) 
we have K" = Ox{—k), k > 0. Moreover, /c 7 ^ 0 since the map H^{e") is an embedding (by definition 
of R'l). On the other hand, —k = ci(iL") = ci{C") — ci{Ux) > —ci{Ux)* = —1, hence k = 1 and 
ci(C") = Cl (AT") -|- ciiUx) = 0. Therefore, the rank of C" at the generic point of Xy is zero. 

Further, the top line of the diagram (54) takes form 

R!i®Ox ^U*x^C' ^ 0 . 

We have rank(C'') = rank(Z^^) — dimR'^ = 1, and ci(C") = ci(^^) = 1. If T{C') denotes the torsion part 
of C then CIT{C') is a torsion free rank 1 sheaf, hence CjTiC') = Js{k) (see [OSS]), where S C X 
is a subscheme of codimension > 2 in X. Therefore ci(C") = ci{T(C')) + k > k, so k < 1. On the 
other hand, k > 1 since we have a nontrivial morphism C ^ Js{k) Ox{k). Therefore, k = 1, 

ci{T{C')) = ci(C") — A: = 0, hence the torsion part of C is supported in codimension > 2 and the rank 
of C at the generic point of Xy equals rank(C'') = 1 . 

Now we have shown that the rank of C" at the generic point of Xy equals 0 and the rank of C at the 
generic point of Xy equals 1. Looking at (55) we see that this contradicts to the fact that the rank of C 
at the generic point of Xy equals 2 . So the case dimi?'^ = 2 is impossible. 

Assume that R'l = 0. Then the map Ri ^ W* is injective, hence an isomorphism since dimRi = 6 = 
dim W* . Thus Ri /R( = W* and the map e" gets identified with the canonical morphism W* 0 Ox Ux • 
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0 

\ 

E2 0 R2 —^ a —^ 0 
I 

E2 0 R2-^ C -^ 0 (54) 

I 

E2 -^ c" —^ 0 

I 

0 



Therefore, C" = 0 and K" = Uji = Ux- On the other hand, it is clear that C = R '2 = U^. Thus 

the sequence (55) takes form 

Note that HomilAxMx) — ® A'^W*/k. If a homomorphism has a nontrivial component in S‘^W* 

then its cokernel is supported on a hyperquadric section of X, and if a homomorphism lies in A^IT*/k 
then it is skew-symmetric, hence degenerate (since Ux has odd rank). Thus C cannot be a rank 2 sheaf 
on a hyperplane section of X. So the case dimi?^ = 2 is impossible as well. 

Therefore, dimii)^ = 1, dimi?i/i?^ = 5. The top and the bottom lines of the diagram (54) take form 

O^Ox ^Ux ^0, (56) 

0 ^ AT" ^ Of® A^Ux^ C” 0. 

The map e! is given by an element w' G P(Hom(Clx)^x)) ~ P(IT*) and the map e!' is given by a 
hyperplane in P(IT*), that is by a point w" G P(IT). Moreover, it follows from the canonical exact 
sequence 0 —> Ux —> IP* ® Ox —> U*^ —> 0 that we have the following exact sequence 

^Ux^ Ox ^ C" 0. (57) 

In particular, K” is reflexive and suppC"' = LGr(2,4) and has codimension 3. Moreover, it follows 
from (56) that C is reflexive and rank(C'^) = 2. Therefore is torsion free of rank 2 on Xy and we 
have the following exact sequence 

0 ^ C'(-I) -^C'^ ^ 0. 

Now, note that since C is supported on Xy the map C C factors through . Since the ranks of 
both and C at generic points of Xy equal to 2 and the rank of C" at generic point of Xy is zero, it 
follows that the map ^ C is an embedding. Therefore, the composition K" —> is zero, 

hence the map K” C factors through the map K" But this map, being an embedding of 

reflexive sheaves of equal rank and ci is an isomorphism. An isomorphism K" = C'{—1) allows to glue 
the sequence (56) twisted by Ox(—1) with the sequence (57) into the following exact sequence 

0 ^ Ox{-l) ^ U*x{-1) ^Ux^Ox^ C" ^ 0, 

Then it is easy to see that this sequence is the Koszul complex of re", hence w' = w” and C" = Oz[w")i 
where Z{w") is the zero locus of w” G H^{X,U^). It is easy to check that the space of hyperplane section 
of X passing through Z{w") equals to the fiber of the bundle npj-p^^(3)/Clp(ty)(—1) C V* (8)Op(u/) at w". 
On the other hand, the support hyperplane Xy of C contains supp(C'^^) = Z{w"), therefore the map 

^Y,,A2iF^) ^ P(II") X P(F*), y ^ {w",g2{y)) 

factors through Y = Pp(tp-)(np^^^(3)/Op(vv)(“l)) C P(IT) x P(y*). Moreover, it is clear that its image 

lies in Y° , so we have constructed a map PY 2 ,yt 2 (-^ 2 ') ■ 

It remains to note that the constructed maps are mutually inverse. □ 

Theorem A. 10. ITe have Y 2 = X'^ \ Z\. 

Proof: Since Y° is smooth it follows from proposition A.9 that Y 2 is smooth and moreover dim >2 = 
dimy° — I = 12. On the other hand, since g = g 2 o cf), g and (j) are proper and dominant, and g takes 
Y° to X'^ \Zi, it follows that g 2 is a proper dominant map I 2 —^ X'^ \ Z\. On the other hand, by [Ho] 
we have Z\ = sing(X^), hence \ Z\ is also smooth and dim(X^ \ Z\) = dimP(I/*) — I = 12. So, 
g 2 ■ Y 2 ^ X'^ \ Zi is a proper dominant map of smooth varieties of equal dimension. Therefore, either 
Y 2 = X'^ \ Zi, or rank Picy 2 = I'ank Pic 4-1 = 2. Assume that the latter is true, and note that since 
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(/) is a conic bundle, we have rank Pic = rank Pic 1^2 + 1 = 3. But on the other hand, it is easy to see 
that rank Pic < rank Pic F = 2. Thus we get a contradiction, hence +2 = \ -^i- D 

Corollary A.11. If the data (D.3)-(D.5) is given by Y = Y 2 , Ay = A 2 , Z = Z 2 = Zi, g = g 2 , with 
(Fi, F 2 ) being the universal family, and with 4 > being induced by the Q-representation structure on (Fi, F 2 ), 
then all conditions (C.1)-(C.8) are satisfied. 

Proof: Since conditions (45) and (51) are satisfied by lemma A.l, it follows from theorem 5.7 that 
conditions (C.4)-(C.6) are true. On the other hand, (C.8) is true because Z = /i(Gr(3, W*)) by lemma A.2 
and dim ZnF = dim Gr(3, IT*) — 1 = 8, while N—i — 2 = 14—4—2 = 8. Finally, by theorem A. 10 the map 
y = +2 ^ P(T*) is an embedding and codimyxy(T Xp(y*) Y) = dimT = dim = dimP(T*) — 1 = 12, 
hence dim A + N — codimyxy(T Xp(y.) F) = 6 + 14 — 12 = 8 = 2f, and (C.7) is true. □ 

Appendix B. G2 Grassmannian 

In this appendix we show that a double covering of ramified in a sextic hypersurface is homologically 
projectively dual to the Grassmannian G2Gr(2, 7) of the simple Lie group G 2 . 

Recall the notation. Let IT = k^ be an irreducible representation of the simple Lie group G 2 and 

A = G2Gr(2,IT), {Ey E 2 ) = {Ox,U*x), 

where G2Gr(2,IT) is the Grassmannian of the Lie group G 2 , realized as the zero locus of the section 
sx G iL°(Gr(2, IT),7/“*“(1)) + h?W*, corresponding to the unique G 2 -invariant 3-form A on IT, U C 
IT ® C>Gr( 2 ,iy) is the tautological rank 2 subbundle, and lAx is the restriction of U to A. The natural 
representation of the group G 2 in the space A^IT decomposes into the direct sum of representations 

A^IT = it* © t 

(the projection A^IT ^ IT* is given by the 3-form A). The Pliicker embedding Gr(2,IT) C P(A^IT) 
restricts to an embedding / : A ^ P(T). 

Lemma B.l. ITe have dimA = 5, ojx — C>x(—3). Moreover, conditions (C.1)-(C.3) as well as the 
additional conditions (45) and (51) are satisfied for A. 

Proof: Note that A C Gr(2, IT) is the zero locus of a regular section sx G iL°(Gr(2, W),U^{1)). Hence 

dimA = dim Gr(2, IT) — rank(7/-*-(l)) = 10 — 5 = 5, 

= ^Gr( 2 ,w)\x ® det(7/^(l))* + Ox{-7) G Ox(4) + Ox(-3). 

In particular, (C.2) is true and ix = 3. Further, using the Koszul resolution A*(7/-*-(l)) + Ox of A 
in Gr(2,IT) it is easy to check that H^{X,Ox{^)) = T*, hence /(A) is not contained in a hyperplane, 
i.e. (C.l) is true. Using again the Koszul resolution we compute Horr\{Es{k), Et{l)) via Borel-Bott-Weil 
theorem and check that (C.3) and (45) are true. Finally, we note that Ri = Hom(k^, IT*) and Rf C Ri 
corresponds to the subset of embeddings k^ C IT*. Therefore, codimRj(Ri \Ri) = 6 and (51) is satisfied 
by lemma 5.3. □ 

Now we are going to apply the construction of section 5 and to describe the space Y = Y^ explicitly. 
We use the same approach as in Appendix A. The arguments in most cases are the same. So we will not 
repeat them, but describe the differences. 

Instead of T 3 we will describe Py 3 ^xt 3 (-f 2 *)> ^he moduli space of quotient As-modules of rank 1. The 
fiber of Py 3 ,xi 3 (F 2 *) over a point of T 3 corresponding to a ( 6 ,3)-dimensional representation p = (^ 1 ,^ 2 ) 
of Q coincides with ^(F^)- We show that any plane R '2 C R 2 can be extended in a unique way to a ( 1 , 2 )- 
dimensional subrepresentation p' = [RfiR'fi). The moduli space of (1, 2)-dimensional representations of 
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Q is Gr(2,VF*). We claim that defined in this way map ^Y 3 ,A 3 {P 2 ) Gr(2,W*) identifies lPy 3 ,yi 3 (i^ 2 *) 

with an open subset in a P®-bundle over OGr(2, W*) C Gr(2, W*), the isotropic Grassmannian. 

Lemma B.2. We have Yi = Zi = ^(Gr(2, W*)), where // : P(A^W*)— ^P(L*) is the linear projeetion 
from P(A(W)) cP(A2W*). 

Recall that the group G 2 is a subgroup of the group 0{W). Consider the corresponding G 2 -invariant 
nondegenerate quadratic form on W and let Q C P(W), 0Gr(2,VP) C Gr(2,VP) and 0F(1,2;VP) C 
FI(1,2;W) denote the corresponding quadric, the isotropic Grassmannian and the isotropic partial flag 
variety. Let p : 0F(1,2;VL) ^ 0Gr(2,W) and q : 0F(1,2;W) ^ Q denote the projections. Let Sq 
denote the spinor bundle on Q, let ^oGr denote the tautological rank 2 subbundle in W (8) GloGr( 2 ,iv) 
put M := p^q*SQ G P(0Gr(2, W)). 

Lemma B.3. We have the following eommutative diagram 


^x{Ux) 



Moreover, M is a rank 2 vector bundle on 0Gr(2, W) and we have an isomorphism M^x — ^x cind an 
exact sequence 

0 ^ C>0Gr(2,VF)(“l) ^ M ^ C>0Gr(2,lV) ^ ^X ^ 0. 

Proof: Note that Fx{h(x) is the flag variety of the group G 2 . The embedding G 2 C 0(W) induces an 
embedding of the flag varieties Fx{ldx) OF(l, 2; W), and of the Grassmannians X OGr(2, W) such 
that the diagram is commutative (note that the quadric Q is also a Grassmannian of the group G 2 ). 

The second claim follows from the fact that the restriction of the spinor bundle Sq to any line P^ C Q 
splits as Glpi 0 Glpi 0 Clpi(—1) 0 Clpi(—1). 

To check the third claim we note that FxiUx) — '^Q{hY), where K is the kernel of the restriction to 
Q of the morphism Tp(^y)(—2) —> np(^y)(l) given by the form A. On the other hand, the image of this 
morphism is just the spinor bundle, so we have an exact sequence 

0 ^ AT ^ rp(^)(-2)[Q ^ S'q ^ 0. (58) 

Taking into account the sequences 

0 ^ p*Ox{-l) ^ q*K ^ p*Ox{l) 0 q*OQ{-?,) ^ 0, 

0 ^ q*OQ{-l) ^ p*Ux ^ q*OQ{l) (Zp*Ox{-l) ^ 0, 

we see that H^{p^q*K) = C>x(—1), ‘H^{p*q*K) = Ux and p*( 7 *Tp(^y)(—2 )|q = C>x(—1), whereof we 
deduce p*q*SQ = Ux- Thus M\x = {p*q*SQ)\x = P*{{q* Sq)\Vx(Ux)) - P*q*SQ = Ux- 

Finally, we note that (58) implies that Fx{Ux) = Pq (K) is the zero locus of a section of the bun¬ 
dle 0 p*C> 0 Gr( 2 ,iv)(l) on PQ(rp(v(/)(-2)|g) C Pp(w^)(rp(^)(-2)) = FI(1,2;FF). Restricting to 

OF(l,2;W) = IF’oGr( 2 ,iv)(^OGr) we See that Fx(Ux) is the zero locus of a section of the bundle q*SQ 0 
A*^OGr( 2 ,iv)(l)) hence X is the zero locus of a section of the vector bundle p*(g*5Q 0p*OoGr(2,iv)(l)) = 
M 0 CloGr{ 2 ,iv)(l) — -Tf*. Therefore, its structure sheaf admits a Koszul resolution which takes form of 
the exact sequence of the lemma. □ 

Consider X x OGr(2,VF) and the subscheme S' C X x OGr(2,FF) C Gr(2,VF) x Gr(2,FF) of pairs of 
intersecting two-dimensional subspaces. 


59 



Lemma B.4. The following sequences on X x 0Gr(2, W) are exact 

0 ^ Ux{ — ^) ^ C’oGr(2,W")(“l) ^ Ox{ — ^) ^ {w /UQQr){ — T) Ux M M ^ Ox ^ C’oGr(2,lV) ^ 0- 

0 ^ 0 x( — 1 ) ^ C’oGr(2,W")( — 1 ) ^ ^ Ox ^ ^OGr ^ l^X ^ ^OGr( 2 ,W) ^ -^E' ^ 0 . 

where J^s' = Sxt^{OT;>,Ox{-l) ^ C>oGr( 2 ,w)(-l))- 

Proof: Consider the decomposition with respect to the exceptional collection 

(Os(-3), Oq{-2),Sq{-1), Oq(-1), Oq, Oq(1)} = V\Q), 

of the structure sheaf of the variety OF(l, 2; W) C OGr(2, W) x Q. It is easy to check that the decompo¬ 
sition takes form 

0 ^ O0Gr(2,lV)(-l) ^ Oq{-3) ^ (IL/^OGr)(-l) ^ Oq{-2) M M 5q(-1) ^ 

^ ^OGr ^ C>q(- 1) ^ OoGr(2,lV) C>of(1,2;VU) ^ 0. (59) 

Now consider the product OGr(2, W) x Q x OGr(2, W) and the subvariety 

S" = OF(l,2;IL) XqOF(1,2;IL) C OGr(2,IL) x Q x OGr(2,IL). 

It is clear that S'" = pi 3 (S") C OGr(2, W) x OGr(2, W) is just the subscheme of pairs of intersecting two- 
dimensional subspaces. Tensoring the pullbacks of the resolutions (59) via the projections OGr(2,IL) x 
Q X OGr(2, W) OGr(2, W) x Q and OGr(2, W) x Q x OGr(2, W) Qx OGr(2, IL), and applying 
we obtain 

0 ^ Z^OGr( —1) ^ C>0Gr(2,lV)( —1) ^ C>0Gr(2,VU) (“1) ^ (l^/^OGr)( —1) ^ 

M M M ^ OoGr(2,W) ^ C>0Gr(2,VU) ^ ^T."' 0. 

Restricting to X x OGr(2,IR) and taking into account that ^oGr[x — ^\x — ^x-, we obtain the first 
sequence. Applying the functor R7-fom(—, Ox{—^) ^ C>oGr{ 2 ,iv)(“l)) we obtain the second sequence. □ 

Consider the truncated first sequence of lemma B.4 as a resolution of the sheaf of ideals J^'. Tensoring 
it with Oxi^) and pushing forward via the projection p 2 : X x OGr(2, W) OGr(2, W) we obtain exact 
sequence 

0 ^ {W/UoQr){-l) P2*(Js' ^ Ox{l)) ^ 0. (60) 

Lemma B.5. <S> Ox( 1)) is a vector bundle of rank 9 on OGr(2,VT). Moreover, its restriction 

to X is isomorphic to the bundle p on X = G 2 IP {here P is a parabolic subgroup of G 2 and p is the 
corresponding parabolic Lie subalgebra). 

Proof: For the first claim it suffices to check that P 2 ^{Oy,' <8) Ox(l)) is a vector bundle. But it is easy 
to see that the fiber of S' over a point u € OGr(2,IF) is either a Hirzebruch surface Fi (if u 0 X), or 
a cone over a rational twisted cubic curve (if u G X). In both cases Ox(l)) is 5-dimensional, 

so P2*(G1 s' ® Gx{^)) is a vector bundle of rank 5 and the first claim follows. Moreover, restricting this 
bundle to X we obtain a G 2 -equivariant rank 5 quotient bundle of the bundle V* 0 Ox — 0 <8) Ox- But 
the only such bundle is the tangent bundle Tx = 0/p, hence P 2 *(«^s' <?> Ox{^))\x — P- 

Consider the projectivization 

? = IF’0Gr(2,Vy)(P2*(</E' C) ©^(l)))- 

The natural embedding p 2 *(</s' <8) C>x(l)) ^ H^{X,Oxi'i-)) <8) C>oGr( 2 ,vy) = R* <8 C>oGr( 2 ,vy) induces a 
morphism Y P(R*). Let tt : Y ^ OGr(2,IF) denote the canonical projection. So we have 

Oy{H):=~g*Of^v*)i^), : T ^ P(R*), and ©^.(/i) := 7r*OoGr(2,TV)(l), vr : T ^ OGr(2, IT). 
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Consider the product X x Y, the projection idx x tt : X x Y ^ X x OGr(2, W), the subschemes 
S = (idx X 7r)-i(S'), Q = Q{X,Y) = {XxY) Xp(y)xP(y.) Q, 

and the equation Sq G H^{X x Y, OxW ^ Oy{H)) = H^{X xY,{f x g)*Op(^v)x¥iv*){'^^ 1)) = C* O C 
of Q in X X y. 

Lemma B. 6 . The section sq vanishes on the scheme S. 

Consider the pullback of the second exact sequence of lemma B.4 to X x y. Consider the cone G’ 
of its first morphism twisted by Ox(l) ^ and the cone G" of its third morphism as objects of 

'D^{X X y), so that we have exact triangles 

El K OyiH - h) —^ E 2 M{H) -^ G' 

El ^ ^2 ^ Oy-- G" 

Then the pullback of the second exact sequence of lemma B.4 can be rewritten as exact triangle 

G' ® (Ox(-l) K Oy{-H))[l] ^ G" ^ Xs. (61) 

It is clear that morphisms E and E' determine a structure of Q-representations on families {Oy{H — 
h),M{H)) and (U^Cr^Oy) onY. 

Lemma B. 7 . There exist a unique extension 

0 ^ {Oy{H -h),M{H))^{Fi,F2)^ {ULr,Oy) ^ 0 (62) 

in the category of families of Q-representations on Y such that the cone of the induced morphism e : 
EiM El ^ E2^ F2 is a sheaf supported at Q. 

Lemma B.7 says that the family {Fi,F2) on y is a family of Q-representations and that on X x y we 
have the following exact sequence: 

0 —> El El —^ E 2 F 2 ——!■ 0 , 

where ^ is a coherent sheaf on Q. 

Lemma B. 8 . The family {Fi, F2) induees a morphism cf :Y Y3 sueh that g = gs o (f. 

Let y° = y \ g~^{Zi) and denote the restriction of g and (f to Y° by the same symbols. 

Recall that we have a sheaf of Azumaya algebras A3 on Y3 and that F2 is a locally projective ^ 3 -module 
on y 3 of rank 3. Let PY 3 ,yt 3 (-^ 2 *) denote the moduli space of locally projective quotient ^ 3 -modules of 
rank 1. Then Py 2 ,^ 2 (-^ 2 *) ^ twisted P^-bundle over y 3 . 

Proposition B. 9 . ITe have Y° = Pyg _ 43 (F 2 *)- 

Proof: The map Y° IP’y 3 A 3 (-^ 2 ) constructed like in proposition A.9. Thus it remains to 

construct the inverse map. Choose a point y G Py 3 ^yl 3 (F 2 *)- Let p : W 0 Ri ^ R2 he the corresponding 
( 6 , 3)-dimensional representation of the quiver Q, and let i ?2 ^ k be the corresponding one-dimensional 
quotient. Let R 2 C R 2 be its kernel and consider the composition Ei (g) Ri —A E 2 ® R 2 ^ E 2 . Taking 
Hom(£'i,—) we obtain a map Ri —> W* . Let R'l denote the kernel of this map. Then we have a 
diagram (54) and an exact sequence (55) Note that the sheaf G is supported on the hyperplane section 
Xy = n X C X and its rank at the generic point of Xy equals ci{E 2 0 R 2 ) — ci{Ei 0 Ri) = 3. 

We claim that dimi?' = 1 and we are going to prove it by a case by case analysis. 

61 



Since {R'l^R^) is a subrepresentation of and is stable by lemma 5.5 we have 

dimi?'^ < 4, 

so we need to reject three cases: dimi?'^ = 3, dimii']^ = 2 and dimi?'^ = 0. 

The cases dimi?^ = 2 and dimii']^ = 3 are treated along the same lines as the case dimii']^ = 2 
in the proof of proposition A.9. The only difference is that in the case dimi?^ = 2 the sheaf T{C') 
can have rank 1 at the generic point of Xy, but it is easy to see that this is possible only in the case 
C' = Ux ® ^x)i which means that 53 (y) € Zi. 

Assume that R'^ = 0. Then the map Ri W* is injective, so we can consider Ri as a hyperplane in 
P(1T*), or equivalently as a point Wy G P(fT). If the cokernel of the morphism K” C = U\ 0 1A\ 
is supported scheme-theoretically on a hyperplane section Xy C X, then the morphism Ux © Ux — 
iUx ® 1) ^ ^x ®^x factors through K” and the cokernel of the corresponding morphism 

Ux © Ux K” is supported on the same hyperplane section Xy C X. On the other hand, it is easy to 
compute that dim Hom(Z//X) AT") = 1 for Wy 0 Q, and dim Hom(Z//X) AT") = 4 for Wy G Q. Therefore we 
must have Wy G Q. Moreover, it is clear that the dimension of the set of such hyperplane sections Xy C X 
has dimension less than dim Q + dim Gr( 2 ,4) = 5 + 4 = 9. On the other hand, the set of such hyperplane 
sections is evidently G 2 -invariant in P(y*), and it follows from the description of all G 2 -invariant closed 
subsets of P(IG*) that this set is contained in Zi. 

Thus we have shown that if gziu) 0 Zi then dimi?'^ = 1, d\m.Ri/R'i = 5. The top and the bottom 
lines of the diagram (54) take form 

Q ^ Ox ^U*x ®U*x ^ C ^ (63) 

0 ^ a:" ^ of' -^U*x^ C" 0. (64) 

The map e" is given by a 5-dimensional subspace of W*, that is by a point u G Gr(2,IT). The same 
arguments as in the proof of proposition A.9 show that we can glue the sequence (63) twisted by C>x(—1) 
with the sequence (64) into the following exact sequence 

0 ^ Ox(-l) -^U*x{-l)(BU*x{-l) of ^U*x^ C" 0 . 

Then it is easy to see that this sequence must coincide with the second sequence of lemma B.4 restricted 
to a fiber of X x OGr(2,IT) over a point of OGr(2,IT). In particular, u G OGr(2,I+). Associating to 
the point y the point u G OGr(2, W) we obtain a map Py 3 ,^ 3 (A 2 *) ^ OGr(2, W). On the other hand, the 
support hyperplane Xy of C contains supp(C'") = therefore the map 

Pi3,+3(A2) ^ OGr(2,IT) x P(F*), y ^ iu,g^{y)) 

factors through Y = PoGr( 2 ,vu)(P 2 *(</s' ® C>x(l))) © OGr(2,I+) x P(IG*). Moreover, it is clear that its 
image lies in Y°, so we have constructed a map Py 3 ,+ 3 (A 2 ) ^ Y°. 

It remains to note that the constructed maps are mutually inverse. □ 

Theorem B.IO. The map g^ : Y3 ^ P(y*) \ Zi is a double covering. 

Proof: Since Y° is smooth it follows from proposition B.9 that ©3 is smooth and moreover dim ©3 = 
dimy° — 2 = 13. On the other hand, since g = gz ° g and (j) are proper and dominant, it follows 
that (73 is a proper dominant map ©3 ^ P(y*) \ Zi. Since ©3 and P(y*) \ Zi are smooth varieties of 
equal dimension and rankPic ©3 = rankPicT® — 1 = 1 = rankPic(P(y*) \ Zi) it follows that <73 is a 
finite covering. It remains to show that deg <73 = 2. This can be done by a direct calculation using the 
intersection theory of OGr(2,IT). Alternatively, we can argue as follows. 
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Consider the fiber product Y° XoGr( 2 ,iy) By lemma B.5 we have Y° XoGr( 2 ,vu) ^ is an open subset 
of Px(p), so and it is clear that the map 5 |Pj(-(p) : Px(p) —^ P(C*) = P( 0 ) is the projectivization of the 
partial Springer-Grothendieck map Tot(p) —> 0 . Therefore, by [Hu] its degree equals 12/2 = 6 . On 
the other hand, since X C 0Gr(2,lT) is the zero locus of a section of the vector bundle M* and the 
restriction of M to the fiber P^ of Y° over Y^ is isomorphic to Hp2 by (62) we see that the degree of the 
map <(>|Px(p) : Px(p) ^ Y^ equals C2(rp2) = 3. Hence deg^^s = 6/3 = 2. □ 

Corollary B.ll. If the data (D.3)-(D.5) is given by Y = Y^, Ay = As, Z = Zs = Zi, g = gs, with 
(Fi, F 2 ) being the universal family, and with f being induced by the Q-representation structure on (Fp, F 2 ), 
then all conditions (C.1)-(C.8) are satisfied. Moreover, the branching locus of the map g :Y P(H*)\Z 
is the hypersurface X'^ \ Z, where X'^ C P(H*) is the projectively dual sextic hypersurface. 

Proof: Since the conditions (C.1)-(C.3), (45) and (51) are satisfied by lemma B.l, it follows from the¬ 
orem 5.7 that the conditions (C.4)-(C.6) are true. On the other hand, (C. 8 ) is true because Z = 
^(Gr(2, IT)) by lemma B.2 and dim Z D H = dim Gr(2, IT) — 1 = 9, while iV — i — 2 = 14 — 3 — 2 = 9. 
Finally, by theorem B.IO the map T = Tj — > P(T*) is a double covering and codimyxY(H Xp^y*) Y) = 
dimT = dimP(T*) = 13, hence dimX + N — codimyxY(h^ Xp(-y*) T) = 5 -|- 14 — 13 = 6 = 2f, and (C.7) 
is true. 

Finally, we note that the branching locus of g is nothing but the singular locus of g, hence it coincides 
with X'^ \Z by corollary 4.30. □ 

Appendix C. Intersection of quadrics in P^ 

In this appendix we show that a double covering of P^*^ ramified in a sextic hypersurface is homologically 
projectively dual to the double Veronese subvariety P^ C P^°. 

Recall the notation. Let IT = k® and 

X = P(IT)=P^ {EyE2) = {Ox,Ox{l)). 

Let V = S'^W = and let / : X ^ P(T) be the double Veronese embedding. 

Lemma C.l. ITe have dimX = 5, ojx — Ox(—G) — /*Clp(y)(—3). Moreover, conditions (C.1)-(C.3) as 
well as the additional conditions (45) and (51) are satisfied for X. 

Now we are going to apply the construction of section 5 and to describe the space T = L 4 explicitly. 
We use the same approach as in Appendix A. The arguments in most cases are the same. So we will not 
repeat them, but describe the differences. 

Instead of T 4 we will describe Py 4 ^^ 4 (F 2 *), the moduli space of quotient A 4 -modules of rank 1. The 
hber of Py 4,^4 {Ef ) over a point of T 4 corresponding to a (4,4)-dimensional representation p = (Fp, F 2 ) of 
the quiver Q coincides with P(F 2 )- We show that any hyperplane R '2 C R 2 can be extended in a unique 
way to a (1, 3)-dimensional subrepresentation p' = (F/,^^)- The moduli space of ( 1 ,3)-dimensional 
representations of Q is Gr(3, IT). We claim that defined in this way map Py 4 ,yi 4 (F 2 *) ^ Gr(3, IT) identifies 
Py 4 ,^ 4 (F 2 *) with an open subset in a P^^-bundle over Gr(3, IT*). 

Lemma C. 2 . ITe have Z 2 C P(T*) is the locus of rank 4 quadrics and C P(T*) is the locus 

of rank 2 quadrics. 

Consider the product X x Gr(3, IT) and the subscheme S' = Fl(l, 3; IT) C X x Gr(3, IT). 

Lemma C. 3 . The following sequence on X x Gr(3, IT) is exact 

0 ^ Ox{-3) ^ CGr(3,lV)(-l) ^ Cx( —2) Kl A.‘^llQr{3,W) Cx( —1) Kl ^ CGr(3,lV) ^ Cs' ^ 0. 
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Proof: This is just the Koszul resolution of S'. 


□ 


Consider the truncated sequence of lemma C.3 as a resolution of the sheaf of ideals Js'. Tensoring it 
with Ox(2) = /*Op(v')(l) pushing forward via the projection X x Gr(3, IT) ^ Gr(3, IT) we obtain 
exact sequence 

0 ^ ® ^QrCi,W) ® > 0. (65) 

Lemma C.4. P 2 *(«/s' ® C>x(l)) is a vector bundle of rank 15 on Gr(3,lT). Moreover, its restriction to 
LGr(3,lT) C Gr(3, IT) is isomorphic to the bundle p on LGr(3, IT) = Sp(lT)/P {here P is a parabolic 
subgroup o/Sp(lT) and p is the corresponding parabolic Lie subalgebra). 

Proof: It is clear that the morphism —> IT* ( 8 ) w) embedding of vector bundles. 

Moreover, restricting this bundle to LGr(3, IT) we obtain a Sp(lT)-equivariant rank 15 subbundle of the 
bundle V* (g) Ox — 0 8 > Ox- But the only such bundle is the bundle p. □ 

Consider the projectivization 

^ = IP’Gr(3,VU)(P2*(«^S' C) C>x(2))). 

The natural embeddingp 2 *(«^s'C)Ox(2)) ^ Clx( 2 ))( 8 )ClGr( 3 ,ru) = ^*^^Gr{ 3 ,W) induces a morphism 

Y P(T*). Let TT : y ^ Gr(3, IT) denote the canonical projection. So we have 

0^(if)=rOp(y*)(l), ~g:Y^F{V*), and Oy{h) = 7r*Oori3,w){^), vr : T ^ Gr(3, IT). 
Consider the product X x Y, the projection id^ x x : X xY X x Gr(3, IT), the subschemes 
S = (idx X 7r)-i(S'), Q = Q{X,Y) = (X x T) Xp(v^)^p(y*) Q, 

and the equation sq € H^{X x Y,Ox{2) ^ Oy{H)) = H^{X xY,{f x g)*Or^v)x¥{v*){'^, 1)) = T* ® T 
of Q in X X y. 

Lemma C.5. The section Sq vanishes on the scheme S. 

Consider the pullback of the exact sequence of lemma C.3 to X x y. Consider the cone G' of its 
first morphism twisted by Ox(3) Kl OyiH), and the cone G" of its third morphism twisted by Ox(l) as 
objects of 'D^{X x y), so that we have exact triangles 

E, MOy{H-h)^E2M . o' 

El Kl ^^r( 3 ,VU) -^ ^ Oy -^ G" 

Then the pullback of the exact sequence of lemma C.3 can be rewritten as exact triangle 

G' ® (Ox(-2) K Oy{-H))[l] ^ G" ^ Os ® Ox(l). (66) 

It is clear that morphisms e' and e" determine a structure of Q-representations on families {Oy{H — 
and {Ui^,^wyOy) on T. 

Lemma C.6. There exist a unique extension 

0 ^ {Oy{H - h),A^Ui^,^^^{H)) ^ (Fi,F2) - {l^ii 3 ,wpOy) ^ 0 (67) 

in the category of families of Q-representations on Y such that the cone of the induced morphism e : 
El M El -I- E 2 ^ F 2 is a sheaf supported at Q. 
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Lemma C .6 says that the family (^ 1 ,^ 2 ) on y is a family of Q-representations and that on X 'xY we 
have the following exact sequence: 

0 —> El El E 2 F 2 —S’ —S’ 0, 

where ^ is a coherent sheaf on Q. 

Lemma C. 7 . The family (^1,^2) induces a morphism cj) :Y —> y4 such that g = g^o cj). 

Let Y° = Y\ g~^{Z 2 ) and denote the restriction of g and (j) to Y° by the same symbols. 

Recall that we have a sheaf of Azumaya algebras A 4 on I 4 and that F 2 is a locally projective ^ 4 -module 
on y 4 of rank 4. Let FY 4 ,y^ 4 (L" 2 *) denote the moduli space of locally projective quotient A 4 -modules of 
rank 1. Then Py 4 ,A 4 {P 2 ) ^ twisted P^-bundle over L 4 . 

Proposition C.8. We have Y° = Py4,^4(T2*). 

Proof: The map Y° —> Py 4 ,^ 4 (T 2 ) de constructed like in proposition A.9. Thus it remains to 
construct the inverse map. Choose a point y € Let p : W (S> Ei E 2 be the corresponding 

(4,4)-dimensional representation of the quiver Q, and let ii 2 ^ k be the corresponding one-dimensional 
quotient. Let ii 2 'L i ?2 be its kernel and consider the composition Ei (g) Ri —^ E 2 ® R 2 —> £^ 2 - 
Taking Hom(£'i,—) we obtain a map Ri W*. Let R'^ denote the kernel of this map. Then we 
have a diagram (54) and an exact sequence (55) Note that the sheaf C is supported on the quadric 
Xy = n A C A and its rank at the generic point of Xy equals {ci{E 2 (g R 2 ) — ci{Ei g) Ri))/2 = 2. 

We claim that dimi?' = 1 and we are going to prove it by a case by case analysis. 

Since (i?'^,i? 2 ) is a subrepresentation of (i?i,i? 2 ) and {Ri,R 2 ) is stable by lemma 5.5 we have 

dimi?'^ < 3, 

so we need to reject two cases: dimii'^ = 2 and dimi?'^ = 0 . 

The case dimi?^ = 2 is treated along the same lines as the case dimi?'^ = 2 in the proof of propo¬ 
sition A.9. The only difference is that in the case dimi?)^ = 2 the sheaf T{C') can have rank 1 at the 
generic point of Xy, but it is easy to see that this is possible only in the case C = Ox{b) © {Ox{b) © 
Ox{b))/[Ox © Ox), which means that 54 ( 2 /) G Z 2 . 

Assume that R'^ = 0. Then the map Ri —> W* is injective, so we can consider Ri as a 4-dimensional 
subspace in W*. If the cokernel of the morphism K" ^ C' = Clx(l)®^ is supported on a quadric Xy C A, 
then the morphism Oxi—^)'^^ — Ox(l)®^ © Oxi—"^) Ox(l)®^ factors through K" and the cokernel 

of the corresponding morphism Ox{—b)®^ K" is supported on the same quadric Xy C A. On the 
other hand, it is easy to compute that dim Horn (Ox (~1)) K") = 6. Therefore the dimension of the set of 
such quadrics Xy C A has dimension less than dim Gr(4, W*) + dim Gr(3,6) = 8 + 9 = 17. On the other 
hand, the set of such quadrics is evidently GL(iy)-invariant in P(y*) = P(S'^iy*), and it follows from the 
description of all GL(iy)-invariant closed subsets of P(S'^iy*) that this set is contained in © 2 - 

Thus we have shown that if < 74 ( 2 /) ^ Z 2 then dimi?^ = 1, dimiii/i?^ = 3. The top and the bottom 
lines of the diagram (54) take form 

0 ^ Ox ^ Ox(l)®^ ^ C" ^ 0 , ( 68 ) 

0 ^ A" ^ O®^ ^ Ox(l) ^ O" ^ 0. (69) 

The map e” is given by a 3-dimensional subspace of W, that is by a point u G Gr(3, IT). The same 
arguments as in the proof of proposition A.9 show that we can glue the sequence ( 68 ) twisted by Ox (—3) 
with the sequence (69) twisted by Ox(—1) into the following exact sequence 

0 ^ Ox(-3) ^ Ox(-2)®3 ^ Ox(-l)®^ ^ Ox ^ O" ^ 0. 
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Then it is easy to see that this sequence must coincide with the sequence of lemma C.3 restricted to a 
fiber of X x Gr(3, W) over the point of u G Gr(3, W). Associating to the point y the point u G Gr(3, W) 
we obtain a map 11 *^ 4 ,^^ 4 (^ 2 *) ^ Gr(3, IT). On the other hand, the support quadric Xy of C contains 
supp(C'") = therefore the map 

lPi 4 A 4 (^ 2 ) ^ Gr(3,tT) X P(F*), y ^ {u,gM) 

factors through Y = PGr( 3 ,iv)(P 2 *(<^E' ® Ox(2))) C Gr(3, W) x P(F*). Moreover, it is clear that its image 
lies in Y°, so we have constructed a map Py 4 ,^ 4 (T 2 *) ^ Y°. 

It remains to note that the constructed maps are mutually inverse. □ 

Theorem C. 9 . The map g^-.Y^ ^ P(F*) \ Z 2 is a double eovering. 

Proof: Since Y° is smooth it follows from proposition C .8 that Y 4 is smooth and moreover diml 4 = 
dimy° — 3 = 20. On the other hand, since g = g^ ° 4': 9 4 are proper and dominant, it follows 

that 54 is a proper dominant map Y^ P(y*) \ Z 2 . Since IT and P(y*) \ Z 2 are smooth varieties of 
equal dimension and rankPicIT = rankPicT® — 1 = 1 = rankPic(P(y*) \ Z 2 ) it follows that g^ is a 
finite covering. It remains to show that deg <74 = 2. This can be done by a direct calculation using the 
intersection theory of Gr(3, W). Alternatively, we can argue as follows. 

Take a nondegenerate 2-form on W* and consider the zero locus of the corresponding section of the 
vector bundle W on Gr(3, IT). It is clear that this is the Lagrangian Grassmannian LGr(3, IT). 
Consider the hber product Y° XGr( 3 ,w) LGr(3,IT). By lemma C.4 we have Y° XGr( 3 ,vy) LGr(3, IT) is an 
open subset of PLGr( 3 ,vy)(p), so and it is clear that the map ffjPLG,( 3 _iy)(p) : IF’LGr( 3 ,vy) (p) ^ P(T*) = P( 0 ) is 
the projectivization of the partial Springer-Grothendieck map Tot(p) ^ 0 . Therefore, by [Hu] its degree 
equals 16/2 = 8 . On the other hand, since the restriction of IT/WGr( 3 ,vy) to the fiber P^ of Y° over Y 4 
is isomorphic to Hps by (67) we see that the degree of the map '/’|Plg ,(3 4 i,)(p) ^ IF'LGr( 3 ,w)(p) ^ ^ equals 
C 3 (Tp 3 ) = 4. Hence deg <74 = 8/4 = 2. □ 

Corollary C.IO. If the data (D.3)-(D.5) is given by Y = Y 4 , Ay = A 4 , Z = Z 4 = Z 2 , g = 54 , with 
(Fi, F 2 ) being the universal family, and with 4 being indueed by the Q-representation structure on (Fi, F 2 ), 
then all eonditions (C.1)-(C.8) are satisfied. Moreover, the branching locus of the map g :Y P(T*)\Z 
is the hypersurface X'^ \ Z, where X^ C P(T*) is the projectively dual sextie hypersurfaee. 

Proof: Since the conditions (C.1)“(C.3), (45) and (51) are satished by lemma B.l, it follows from theo¬ 
rem 5.7 that the conditions (C.4)-(C.6) are true. On the other hand, (C.8) is true because Z is the locus 
of rank 4 quadrics by lemma C.2 and dim Z n F = 17 — 1 = 16, while F — i — 2 = 21 — 3 — 2 = 16. Finally, 
by theorem C.9 the map Y = Y4 —> P(T*) is a double covering and codimyxy(T Xp(y*) T) = dimT = 
dimP(T*) = 20, hence dimX + N — codimyxy(T Xp(y*) T) = 5 -|- 21 — 20 = 6 = 2i, and (C.7) is true. 

Finally, we note that the branching locus of g is nothing but the singular locus of g, hence it coincides 
with X'^ \ Z by corollary 4.30. □ 

Appendix D. Azumaya algebraic varieties 

In this section we work out some basic facts about Azumaya varieties. All algebraic varieties in this 
section are assumed to be embeddable. 

Spaces, categories and functors. 

Definition D.l. An Azumaya algebraic variety over a field k is a pair (X,Ax), where X is an algebraic 
variety of finite type over k and Ax is a sheaf of semisimple Ox-algebras which is locally free of finite rank 
over Ox- A morphism of Azumaya varieties / : {X,Ax) (T, My) is a pair (/o,/xl), where fo'-X^Y 
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is a morphism of algebraic varieties, and : f*AY —> Ax is a homomorphism of f*OY = Ox-algebras. 
The composition of morphisms is defined naturally. 

It is clear that Azumaya algebraic varieties over k form a category. Every algebraic variety X can be 
considered as an Azumaya variety by taking Ax = Ox- Thus the category of algebraic varieties can be 
considered as a full subcategory of the category of Azumaya varieties. For each Azumaya variety (A, Ax) 
we have a canonical morphism nx ■ {X,Ax) X, the structure morphism of {X,Ax)- 

With each Azumaya algebraic variety {X,Ax) we associate abelian categories Qcoh(A,^x) and 
Coh(A, ^x) of quasicoherent and coherent sheaves of right ^x-modules on X and their bounded and 
unbounded derived categories 'D]j^{X,Ax) and V^{X,Ax), where ? = 6, —, + or nothing. 

Remark D. 2 . Recall that the Morita-equivalent algebras Ax and A!^ give rise to equivalent categories 
Coh(A, ^x) and Coh(A, In particular, if Ax — SndiV), the algebra of endomorphisms of a vector 
bundle V, then Coh(A) = Coh(A,>Ix); the equivalence is given by tensoring with V. However, we prefer 
to distinguish between Morita-equivalent Azumaya varieties. 

Definition D. 3 . A morphism of Azumaya varieties / : {X,Ax) {Y,Ay) is called strict, if Ax — IoAy 
and /_4 is the identity. Similarly, morphism / is called an extension, X = Y and /o is the identity. 

Every morphism / : {X,Ax) —>■ {Y,Ay) admits the following canonical decomposition: 

(A,Mx) ^ (A,/:My) ^ (y,My), 

where is an extension, and is strict. 

If / : {X,Ax) —> {Y,Ay) is a morphism of Azumaya varieties and F G Coh(A, Mx); we define 
R^f*F € Coh(y, My) as the sheaf R^fo^F with an My-module structure induced by the homomorphism 

R^fo.F 0 My = ® /:My) ^ 0 Mx) ^ R^fo^F 

It is clear that i?°/* is a functor and that exactness properties of R^f* are the same as those of If 

/ : (A,Mx) —> Speck is the projection to a point, we denote the pushforward functor by r(A, —). Note 
that the pushforward with respect to the structure morphism ttx is just the forgetting of the Mx-module 
structure. 

Similarly, for G € Coh(y,My) we define Lo/*G* £ Coh(A,Mx) as 

LorG = Lof:G^f;Ay Ax- 

Then Lof* is also a functor. Note that if / is a strict morphism then we have Lq/* = Lq/*. 

If F G Coh(A,Mx) and F' G Coh(A,M^'’), where M^’’ is the opposite algebra, we can consider their 
tensor product over Mx, F F' G Coh(A). Note, that if F (resp. F') admits some additional module 
structure, commuting with the structure of the right (resp. left) Mx-module, then the tensor product 
F F' preserves this structure. For example, if F' is a sheaf of Mx-bimodules, then F F' G 

Coh(A,Mx). 

Similarly, for F,F' G Coh(A, Mx) we can consider the sheaf (F, F') G Coh(A) of local ho- 

momorphisms of Mx-modules. Note, that if F (resp. F') admits some additional module structure, 
commuting with the structure of the right Mx-module, then the sheaf Rom^^(F, F') preserves this 
structure. For example, if F' is a sheaf of Mx-bimodules, then (F, F') G Coh(A, Mx)- 

Lemma D. 4 . A sheaf F G Coh(A, Mx) is locally projective over Ax in the Zariski topology iff^x^^F G 
Coh(A) is locally free, where ttx : (A, Mx) X is the structure morphism. 

Proof: Note that M^'^^Mx is a sheaf of matrix algebras, therefore Mx considered as a M^’’( 8 )Mx-iaiodule 
is locally projective (in the Zariski topology), i.e. locally is a direct summand of M^^’i^Mx- It follows that 
F = F ®Ax i® locally a direct summand of F (-^x*^ ® •^^) — ^ ^ Mx-aiodule. □ 
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It is clear that the category of quasicoherent ^x-modules on an Azumaya variety {X,Ax) admits 
enough injectives and enough locally free objects. Therefore, the pushforward, the pullback, the tensor 
product and the Tiom functors can be extended to the derived categories in a natural way. From now 
on we use the notation /*, /*, and RHom^^ to denote the derived functors. The derived functor 
of r(A, —) is denoted by Rr(A, —). 

Remark D.5. Note that 

F G ^ (F ®Ox G) ^Ax^aT RTiomAxiF, G) ^ RHomoxiF, G)). 

Therefore the bar-resolution 

-> Ax (S) Af^ (g) A^'' ^ Ax g Ax <S> A^'' ^ Ax g A^'' ^ Ax ^ 0 

gives the bar-resolutions of the functors and R7f 

• • • ^ F gox •^x^ gOx G —>■ F gox gox G —>■ F gox G ^ F (8)^^ G ^ 0 
0 ^ RT^om^^ (F, G) ^ RTiomox {F, G) ^ R7f omo^ (F gox G) —> ... 

Remark D.6. If the algebra Ax is commutative then the category Coh(A, Ax) is equivalent to the 
category of coherent sheaves on the algebraic variety Specj^ Ax (the relative spectrum) which is etale 
over X. Following this analogy we consider a pair (A, Ax) in a noncommutative case as a noncommutative 
etale covering of X. 

Finally, we define the twisted pull-back functor /' : F+(y, Ay) —> F'''(A, Ax) extending the usual 
twisted pull-back functor defined in [H] to the category of Azumaya varieties. 

The definition for a strict morphism is the same as in loc. cit.. If / is strict and smooth we define 

/•(G) = f*G gox wx/v[dim A - dimT], 

and if fo is strict and finite we define 

f'G= RHomAY{fo^Ax,G), 

where we identify the category F+(A, Ax) with V^(Y, fa^Ax) via the functor /o*. Now assume that 
fo is embeddable (this is always the case when A is embeddable). Decomposing / into a composition 
fo = fo ° fo with /' smooth and f” finite we define /' = /"' of'. A standard verification {loc. cit.) 
shows that this definition doesn’t depend on a choice of a decomposition fo = fo° fo- 

Now, for an arbitrary morphism / : (A, Ax) ^ (F,Ay) we consider its canonical decomposition 

/ = /^o/® with strict and extension, note that for any G G F+(y, Ay) we have f^'G G F+(A, /o Ay) 
and define /'G by the formula 

f''G=Rnomf*AYiAx,r'G). (70) 

Lemma D. 7 . If f is strict then f' = fI- Moreover 

foF = f*F gox det A/x/y [dim A — dimy], if f is a locally complete intersection 

closed embedding, 

foF = f*F gox i^x/y[dim A — dimA], if fo is smooth. 

Proof: Evident. □ 

Relations between fnnctors. 

Lemma D.8 (Functoriality of the pushforward). If{X,Ax) (A, Ay) {Z,Az) are morphisms of 
Azumaya varieties then g^f,^ = {gf)* on 'D{X,Ax), a functorial isomorphism. In particular, 
RT{Y,f{-))^RT{X,-). 
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Proof: Since the pushforward functor for Azumaya varieties coincides with the usual pushforward, the 
objects and R^{gf)^:{F) are identified in Coh(Z) by a natural isomorphism for any F € 

Coh{X,Ax)- Moreover, it is clear that this isomorphism identifies also the M^-module structures on 
them. Therefore = R^{gf)« as functors Coh{X,Ax) —> Coh{Z,Az) whereof we deduce an 

isomorphism of derived functors as well. □ 

Lemma D.9 (Functoriality of the pullback). If {X,Ax) {Y,Ay) {Z,Az) are morphisms of 
Azumaya varieties then f*g* = (gf)* on T>~ {Z, Az)- Moreover, if both f and g have finite Tor-dimension 
then f*g* = (gf)* on V{Z,Az). 

Proof: Since Lo/*To 5 f*(T) := LQff{LQg*F'S>g*Az-^Y)Z)f*AY-^x — ZoffLog*FZ>f*g*Azfo‘^YZ)f*AY-^x — 
LofoLogtF'S>fSg*Az ■^x = Lo{gf )*{F) we have an isomorphism of functors L^f*Log* = ^ 0 ( 5 /)* whereof 
we deduce an isomorphism of derived functors as well. □ 

Lemma D.IO (Associativity of the tensor product). If F ^ V~{X,Ai), G € V~{X,A^,^'^ ®A 2 ), and 
H G V-{X,Al^^) then {F <Zai G) 0 a 2 H = F 0Ai (G <Za 2 H). 

Proof: Similarly. □ 

Lemma D.ll (Commutativity of the tensor product). If F € V~{X,Ax) and G G V~{Y,A°x'^) then 
Y G = G < 8 >_ 4 ^p F . 

Proof: Similarly. □ 

Lemma D.12 (The projection formula). If f : {X,Ax) {Y,Ay) is a morphism of Azumaya varieties, 
F G V-{X,Ax), G G V-{Y,A^^), and H G V-{X,Ox) then 

h{F ®Ax PG) = UF ®Ay G, and MffG H) = G Z)Oy f*H. 

Moreover, if f is strict, F G V~{X,Ox) and G G V~{Y,Ay) then f*{F Z>Ox f*G) = f*F (Zoy G- 

Proof: First of all assume that / is strict. If F is /*-acyclic and G is locally projective over Ay then 
f*{F ®Ox f*G) = f*F ®Oy G by the usual projection formula. Using the bar-resolution we then deduce 
that /*(F ®f*AY f * G) = f*F (g)_ 4 y G, the first isomorphism of the lemma. The standard argument [H], 
II.5 .6 then proves this for all F and G. On the other hand, if / is an extension the first isomorphism 
of the lemma follows from F {Ax ®Ay G) = F ®Ay G- Finally, if / is an arbitrary morphism we 
consider its canonical decomposition into the product of a strict morphism and an extension and deduce 
the first isomorphism of the lemma from the above remarks. 

The second isomorphism is just the usual projection formula, and it remains to note that it is compatible 
with the Ay-module structures. □ 

Lemma D.13. If F G F {X,Ax^; G G F^{X,Ax^ then we have a functorial isomorphism 
RHom^^(F,G) ^ Rr(A, RHomAxiPG)). 

Proof: We have evidently Hom_ 4 ^(F,G) = r{X,HomAx{F,G)) for all sheaves F,G e Co\\{X,Ax)- The 
standard argument shows that we still have this identity for the derived functors. □ 

Lemma D.14. If f : {X,Ax) —> {Y,Ay) is a striet morphism, sueh that fo has finite Tor-dimension 
and F (^V-{Y,Ay), G ^V+{Y,Ay), then ffRHomAY{F,G) ^RHomAx{f*F, f*G). 

Proof: For the strict morphism / we have f* = /*, so combining the usual formula for the pullback of 
RT^om with the bar-resolution of RTLomAY we deduce the lemma. □ 
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Lemma D.15. If f : {X,Ax) —> (Y^Ay) is a strict morphism, F £ V {Y,Ay), G £V {Y,Af^'^), then 

PoiF^Ar G)^rF®Ax PG- 

Proof: As above. □ 

Lemma D.16. If f : {X,Ax) {Y,Ay) is a morphism, F £ T>~{Y,Ay) and G £ T>~{Y,Oy), then 

P{F®Or G)^PF®OxPoG. 

Proof: We have P{F G) ^ fpG 0Oy F) Ax = (PG (^Ox PF) ^fSAy Ax = 

PoG {PF ®fSAy -Ax) = PG PF = PF PG. □ 

Lemma D.17. If f : {X,Ax) (L,-4.y) is a morphism, F £ V~{Y,Ay) and G £ V^{X,Ax), then 
/* R7iom{f*F,G) = RHom{F, f^,G). In particular, the funetor f* is left adjoint to /*. 

Proof: If / is a strict morphism then /* = /o^, and f,^RHomox{f*F,G) = RHomoyiF, f^G) by the 
usual adjointness property. Using the bar-resolution we then deduce that f^R7iomf*Ay{f*F,G) = 
RHomAy{F, f^,G). On the other hand, if / is an extension the isomorphism of the lemma follows from 
RHomAy{F, fifG) = RHomAy{F,G) = RHomAxiF ®Ay Ax,G) = R'HomAx{f*F,G). If / is an arbi¬ 
trary morphism we consider its canonical decomposition into the product of a strict morphism and an 
extension and deduce the first isomorphism of the lemma from the functoriality of the pullback and of 
the pushforward. □ 

Flatness and smoothness. 

Definition D.18. A morphism of Azumaya varieties / : {X, .Ax) ^ {Y, Ay) is called flat, if the pullback 
functor f* : V{Y,Ay) —>■ F{X,Ax) is exact with respect to the standard t-structures. 

Lemma D.19. Morphism f : {X,Ax) {Y,Ay) is fiat iff fo ■ X ^ Y is fiat. 

Proof: Let ttx : {X, Ax) X, and vry : (Y, Ay) ^ F be the structure morphisms. It is clear that and 
TTy are exact and conservative (vr^F = 0 implies F = 0). On the other hand, we have vry o f = f^o vrx, 
hence /^Xy = M^ff- If fo is not flat, then there exists G £ Coh(F) such that ?f*(/*G) 0 for some 

f < 0. Then ?f*(/* 7 ryG) = IF{'n*xflG) = 'n*xIF{flG) 0, while vryG G Coh(F, .Ay). Hence f* is not 
exact. On the other hand, assume that fo is flat. Then the strict part of / is flat. On the other hand, 
the extension part of / is flat, because it coincides with the functor F F '^f^Ay Ax, and .Ax is 
locally projective over ffAx by lemma D.4. □ 

Definition D.20. An object F £ F{X,Ax) is called a perfect complex, if it is locally quasiisomorphic 
to a bounded complex of projective .Ax-niodules of finite rank. We denote by V'^^^\X,Ax) the fully 
faithful subcategory of T>{X,Ax) formed by all perfect complexes. 

Definition D.21. A triangulated category T> is called Ext-bounded, if for any objects F, F' £ T> there 
exist p,q £ such that Homx)(F, F'[t]) = 0 for f 0 [p, g] C Z. 

Lemma D.22. The following eonditions for an Azumaya variety (X, .Ax) are equivalent: 

(i) the underlying algebraie variety X is smooth; 

(if) V\X,Ax)=VP-^{X,Ax). 

(iff) the bounded derived eategory T>^{X,Ax) is Ext-bounded. 

Proof: (i) (if): Take any F G T>^{X,Ax)- Since Coh(X, .Ax) has enough locally free objects, we can 

construct a locally free over .Ax resolution F„ ^ F„_i ^ ^ Fi ^ Fq ^ F ^ 0 for arbitrary large 

n. On the other hand, if n is sufficiently large, then Fn+i := Ker(F„ ^ F„_i) is locally free over Ox, 
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hence locally projective over Ax by lemma D.4. Thus, F is quasiisomorphic to a finite complex of locally 
projective ^x-modules, so F is a perfect complex. 

(ii) (in): Since F is a perfect complex, we have RTLom{F,F') G for some p,q hence 

RHom^^(F,F') = Rr(X, RHomAxiF, F')) G (^ 6 ). 

(in) (i): Let tt : (X,Ax) X denote the structure morphism. Then 

RHom^^( 7 r*F, 7 r*F') ^ RHomo;, (F, tt^tt^F') ^ RHomo;, (F, F'® ^x) 

for all F, F' G F^(X, Ox)- If X is not smooth, take F = F' to be the structure sheaf of a singular point. 
Then F' ® Ax — i?'®and Homc)^(F,F' ®Ox -^x[t]) ^ 0 for arbitrary large t. Hence V’^(X,Ax) 
is not Ext-bounded. □ 

Definition D.23. An Azumaya variety (A, Ax) is called smooth, if any of the equivalent conditions D.22 
is satisfied. A morphism / : (X,Ax) (Y,Ay) of Azumaya varieties is called smooth if the underlying 
morphism fo'-X^Yis smooth. 

Lemma D.24. If morphism f : {X,Ax) (Y,Ay) is smooth and (Y,Ay) is a smooth Azumaya variety, 
then (X,Ax) is smooth. A composition of two smooth morphisms is smooth. 

Proof: Evident. □ 

Further relations. 

Lemma D.25. If F G V~(X,Ai), G G V'^^'^(X,A 2 ) and H G V'^(X,Jf^'^ (8).4.i) then we have 
RHomAi (F, G ^^2 H) = G 0^2 R'Hom^^(F, H). 

Proof: It is easy to construct a homomorphism from the RHS to the LHS. It is clear that it is an 
isomorphism for G being locally projective, hence it is an isomorphism as well for G being any perfect 
complex. □ 

Lemma D.26. If either F G V-(X,Ax), G G V^^^^(X,Ax) or F e VP^^\X,Ax), G G V+(X,Ax) 
then we have RHomyij^ (F, G) = G 0Ax R'htomAx(Y,Ax)- 

Proof: It is easy to construct a homomorphism from the RHS to the LHS. It is clear that it is an 
isomorphism when either F or G is locally projective. Hence it is an isomorphism when either F or G is 
perfect. □ 

Lemma D.27. //F G V~{X,Ai), G G V~{X,Afi^ 0 ^ 2 ) and H G F®(A, ^ 2 ) then we have 
RHomAi{F,RHomA2iG, H)) = RHomA2{F 0Ai G,II). 

Proof: Evident. □ 

For any L G V~{X,Ax) we define the dual L*Ax RHomAxi^i-^x) ® T>^(X,J^^'^). It is clear 
that the dual of a bimodule is a bimodule, the dual of a perfect complex is a perfect complex, and 
= L (functorial isomorphism) for perfect complexes. 

Lemma D.28. //F G V-(X,Ai), G G V+(X,A 2 ), and L G V^^^^(X,A°^^ 0 A) then we have 
R'HomAi{F,G ®A 2 — ^'HomA 2 (Y 0Ai ^A 2 ^^^' Aloreover, if F & V~(X,Ax), G G T>'^(X,Ax), 

and L G V'^^'^(X,Ox) then we have RHomAxi^iG ®Ox G) = RHomAxi^ ®Ox 

Proof: By D.27 we have R'HomA 2 {Y' 0.Ai L*a.^-, G) = RHom^^(F, RIiomA 2 (L*A.^, G)) and by D.26 we have 
RHomA2(L*A.^,G) = G0^2 ^2) — ^<^.42 'b’be second claim can be proved similarly. □ 
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Lemma D.29. If f : {X,Ax) {Y,Ay) is a morphism, F & V {Y,Ay) and G G 'D~^{Y,Ay) then we 
have /• R7iom^y(F,G) = Rnomf^AyifoFJoG)- 

Proof: It is clear that RTYomoy (F, G) = RT^omo^^ (/*F,/^G) by the usual properties of the twisted 

pullback. Using the bar-resolution we then deduce the claim. □ 

Lemma D.30. If f : {X,Ax) {Y,Ay) is a morphism, F G {Y,Ay) and G G V^{Y,A^'^) then 
we have fl,{F (8)^^ G) = ffF^f*^^^ /'G. 

Proof: It is clear that /o(F G) = ffF ®Ox foG by the usual properties of the twisted pullback. 

Using the bar-resolution we then deduce the claim. □ 

Lemma D.31 (Functoriality of the twisted pullback). If {X, Ax) {Y,Ay) {Z,Az) are mor- 
phisms of Azumaya varieties then fg' = (gf)' on V'^{Z,Az)- 

Proof: First, consider the case when both / and g are extensions, so X = U = Z. Then f'g'(F) = 
R7iom_4y{Ax, R'Homji^^{AY, F)) which is isomorphic to RIiomji^^{Ax,F) = {gf)'{F) by D.27. 

Further, consider the case when both / and g are strict. Then f' = fl, 9' = 9o the desired 
isomorphism follows from the functoriality of the twisted pullback functor for morphisms of algebraic 
varieties. 

Since f'g' = (gf)' if / is an extension and g is strict, it remains to show that f'g' = (gf)' when 
/ is strict and g is an extension. Indeed, in this case Z = Y, Ax = /o-4y, the canonical decom¬ 
position of gf : {X,ffAY) {Y,Az) takes form {X, ffAY)^^^^{X, ffAz)^^^iY, Az), we have 
f'g'iG) = fl,RnomAzi-^Y,G), {gf)'{G) = R7fom/.^^(/*.4y,/'G) for all G G V+{Z,Az) and it re¬ 
mains to apply D.29 with F = Ay- D 

Lemma D.32. If f : {X,Ax) —<■ {Y,Ay) is a morphism of Azumaya varieties F G V'^iY,AY), and 
G G Gy) then we have ffF ®Oy G) ^ f'F ®Ox foG- 

Proof: By functoriality of the pullback and of the twisted pullback it suffices to prove this only for a 
strict morphism and for an extension. For a strict morphism / we have /' = fl, hence we can use 
properties of the usual twisted pullback. Now assume that / is an extension. Then by D.25 we have 
f'{F iZoy G) = R'Homj\^Y{Ax-,F i^Oy G) = RHom^y(.Ty, F) ®Oy G = f'F ®Ox foG, and we are 
done. □ 

Lemma D.33. If f : (X, .Ax) ^ (U, .Ay) is a morphism of Azumaya varieties, F G .Ay), and 

G G FP"^f(y,Gy) then we have /' R?fomoy(F,G) ^ RF:omo^(/*F,/-G). 

Proof: By functoriality of the pullback and of the twisted pullback it suffices to prove this only for a 
strict morphism and for an extension. For a strict morphism / we have f* = /* and /' = fl, hence 
we can use properties of the usual twisted pullback. Now assume that / is an extension. Then we have 
/■ RTfomoy (F, G) = R7d(.Ax, R7fomc)y(F, G)) = R7iomoYi~^x 'Xi.Ay F,G) = RIiomoY{f*F,G) = 
RHomoxif*^', foG), since X = Y and fo = id. □ 

Lemma D.34 (Duality). If f : (X, .Ax) ^ (T, .Ay) is a projective morphism of Azumaya varieties, 
F G F-(X,.Ax), G G F+(y,.Ay) then we have RHom^^(/*F,G) ^ /* R?fom^^(F,/'G). 

Proof: By functoriality of the pushforward and of the twisted pullback it suffices to prove the duality 
only for a strict morphism and for an extension. For a strict morphism / we have /* = /o*, /' = fl, and 
RTdomoy (/*F, G) = /* RHomoxi^i f'G) by the usual duality theorem. Using the bar-resolution we then 
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deduce that RT-iomj^Y (/*-F, G) = /* RTCorrijx^ {F, f'G). Now assume that / is an extension. Then we have 
f^R7iom_AxiF, f'G) = RH(F, R7^G)) = R7t!(F (g)^^ , G) = RHom_A,y{F,G) = 

RHomj[y{f^F,G) and we are done. □ 

Corollary D.35. If f : {X,Ax) —> {Y,Ay) is a projective morphism of Azumaya varieties then the 
funetor /' is right adjoint to /* on the bounded derived category. 

Fiber products and base changes. 

Let (X,Ax) and {Y,Ay) be Azumaya varieties. Then {X x Y.,Ax ^ Ay) is also an Azumaya variety 
and the projections of X x T to X and Y with embeddings of Ax ^ Gy and Ox ^ Ay to Ax ^ Ay dehne 
maps from (X x Y, Ax ^ Ay) to (X, Ax) and (Y, Ay)- Note that (X x Y, Ax ^ Ay) is not a categorical 
product of {X,Ax) and (Y^Ay)- Nevertheless, we will denote it by {X,Ax) x (Y,Ay)- 

Lemma D.36. If p : (X, .4^) x {Y,Ay) —> (X, .4^) is the projection then we have p*F = F M Ay and 
p'F = FM Rldomoy{AY,w}Y)[dAmY]. 

Proof: Evident. □ 

It is easy to see that in general the fiber products don’t exist in the category of Azumaya varieties. 
However, there are important cases when they do exist. 

Assume that / : {X,Ax) {S,As) and g : {Y,Ay) —> (S', .As) are morphisms of Azumaya varieties. 
Let po ■ X X s Y —> X and Qo : X XgY —>Y denote the projections. 

Lemma D.37. If f is strict then (X XsY,qlAY) is a fiber product of{X,Ax) and {Y,Ay) over {S,As)- 
If g is strict then (X XsY,plAx) is a fiber produet of{X,Ax) and (y,.4y) over {S,As)- 

Proof: If (j) : {Z,Az) —r {X,Ax) and V’ : {Z,Az) —> {Y,Ay) are morphisms of Azumaya varieties such 
that f o (p = g o Ip then fo o (po = go ° f’o, hence there exists a morphism f^o '■ Z ^ X XgY such that 
Po ° f,o = (po and Qo o Co = '(po- Moreover, if / is strict then the map — '(PIAy Az induces 

a morphism of Azumaya varieties {Z,Az) —> (X X 5 Y,q*AY)- Similarly, if g is strict then the map 

CoPtAx — (p*oAx Az induces a morphism of Azumaya varieties {Z,Az) —> (X X 5 Y,plAx)- D 

We often consider strict morphism / : {X,Ax) —> {Y,Ay) as a base change. 

Lemma D.38. A base change preserves flatness, smoothness, projectivity, e.t.c. of a morphism. 

Proof: Evident. □ 

If the algebra Ax is noncommutative, the multiplication Ax < 8 > Ax —> Ax is not a homomorphism of 
algebras. Therefore, there is no “diagonal embedding” in the category of Azumaya varieties. However, 
Ax is a Mx < 2 >M^'’-module, thus “the structure sheaf of the diagonal”, X^Ax on X x X can be considered 
as an object of Coh(X x X,Ax ^ -^°x'^)- 

Tor and Ext-amplitude. 

Let / : {X,Ax) {Y,Ay) be a morphism of Azumaya varieties. 

Definition D.39. An object F € V{X,Ax) has finite Tor-amplitude over {Y,Ay), if there exist integers 
p,q such that for any object G G My) we have F i^Ax /*G G T>^~^^’'^~^^\X,Ox)- Morphism 

/ has finite Tor-dimension, if the sheaf Ax has hnite Tor-amplitude over (T, My). Similarly, an object 
F G T>{X,Ax) has finite Ext-amplitude over (T, My), if there exist integers p,q such that for any object 
G G T>^^’^\Y,Ay) we have RHomAxiY^ f'G) G V^^^’‘^^^\X,Ox)- Morphism / has finite Ext-dimension, 
if the sheaf Mx has hnite Ext-amplitude over (T,My). 
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The full subcategory of 'D{X,Ax) consisting of objects of finite Tor-amplitude over {Y,Ay) is denoted 
by subcategory of 'D{X,Ax) consisting of objects of finite Ext-amplitude 

over {Y,Ay) is denoted by ^x)- Both are triangulated subcategories of V^{X,Ax)- 

Lemma D.40. If i : {X,Ax) {X',Ax') is a finite morphism of Azumaya varieties over {Y,Ay) 
then F G i*F G o-nd F G Ff^^nY,AY)^X,Ax) ^ i*F G 

FfEdl(Y,AY) i^'^ -4x0 • 

Proof: Use exactness of i*, the isomorphisms i^F ^Ax' — u(-^ ®Ax i* f'*G) = ifiF ®Ax f*G) and 
{uF, f'-G) ^ u RHomAx {F, i-f'G) = F RHomAx {F, fG). □ 


Lemma D.41. If morphism f : {X,Ax) —<■ {Y,Ay) has finite Tor-dimension then any perfect complex 
on {X,Ax) has finite Tor-amplitude over {Y,Ay)- If morphism f : {X,Ax) (Y^Ay) has finite Ext- 
dimension then any perfect complex on {X,Ax) has finite Ext-amplitude over {Y,Ay)- 

Proof: Evident. □ 


Now we are going to prove the inverse statements for a smooth morphism. For this we will need the 
following fact about perfect complexes on usual algebraic varieties. This fact certainly must be well 
known, however I don’t know a reference, so the proof is included here for completeness. 

Lemma D.42. Assume that f : X ^ S is a smooth morphism of algebraic varieties and F is a coherent 
sheaf on X. If F is either flat or locally projective over S then F is a perfect complex. 


Proof: The claim is local in X, so we can assume that X is affine and the ideal of the diagonal X C XxgX 
is generated by a regular sequence s = (si,..., Sn) of functions on X. Then X^Ox — Koszxxsx('S) = 
Consider the diagram 


X^^XxsX- 


X 


f 


X 

/ 

s 


and note that qoA = poA = idx, hence for any closed point x (z X we have 


^ q,A,A*p*0^ ^ qfiA.Ox ®P*0^) ^ qfiKoszxxsx{s) (^p*0^), 

Ox = q^A^A'p'Ox = q* RHom{A^Ox,P'Ox) = q* RHom{Koszxxsx{s),p'Ox). 


But the flat base change implies that 

q^A^iOT^sx) ^P*G.) = = Q*P*0®^"^ = 

q, R'HomiA^{Of^^^^),fiOz,) - q, R'Hom{o'^^P^^,fiOz,) - q.p'-Op"^ - f'f.Op"^ - fOpp 


Thus every sheaf Ox on X admits a length n resolution either by sheaves, which are pullbacks of coherent 
sheaves on S, or by twisted pullbacks of coherent sheaves on S. It follows that Tor>„(T, 0^;) = 0 for all 
X G X if T is flat over S, and Ext^”'(T, Ox) = 0 for all x G X if T is locally projective over S. On the 
other hand, it is easy to construct a resolution of T on X of the form 0 ^ T' ^ F^-i ^ ^ Ti —> 

To —> T —> 0 with locally free Tj. Then it follows that Tor>o(T', Ox) = 0 for all x G X if T is flat over 
S, and Ext^®(T', Ox) = 0 for all x G X if T is locally projective over S. Hence in both cases F' is locally 
free, so T is a perfect complex. □ 


Lemma D.43. If f : (X, ^x) —^ {Y,Ay) is a smooth morphism of Azumaya varieties then we have 
FfTd/{Y,AY)i^^'^x) = {X, Ax) = FfEd/{Y,AY)i^^'^x)- 
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Proof: Any perfect complex has finite Tor-amplitude by lemma D.41. Take F G -^x)- 

Since Co\\{X,Ax) has enough locally free objects, we can construct a locally free over Ax resolution 
Fn-i >0 for arbitrary large n. On the other hand, if n is sufficiently large, 

then Fn := Ker{Fn-i —> Fn-2) is flat over {Y,Ay), hence Fn is flat over Y (since the canonical projection 
{Y,Ay) —> T is flat), hence Fn is locally free over Ox, hence Fn+i is locally projective over Ax by 
lemma D.4. Therefore, any F is quasiisomorphic to a finite complex of locally projective Ax-modules, 
hence F is a perfect complex. The same arguments show 'DfEd/{Y,AY)(^’-^^) ~ ,-^x)■ D 

Corollary D.44. VfTd/{x,Ax)i^i^x) = {X, Ax) = 

Corollary 0.45. Let f = f o f" be a decomposition of a morphism f : (A, Ax) —> (^) Ay) with smooth 

r : (A',AxO ^ {y,^Y) and finite f" : (A, Ax) ^ (A',AxO- Then F G VfTd/iYAvM^Ax) ^ 
fjF G FP-f(A',AxO ^F€ F;Ed/(y,^^)(A,A x). 

Proof: Use lemma D.43 and lemma D.40. □ 


Corollary D.46. If : iW,Aw) —> (^) Ay) is a {strict and) faithful base change for a morphism 
f : (A, Ax) ^ {Y,Ay) and {Z^Az) = (A, Ax) X(y,. 4 y) {W,Aw) is the fiber product then we have 

4>*{FfTd/{Y,AY)(^’-^^)) C Az), and (j)*{'DjEd/{Y,AY)(y^'^x)) ^ -^^). 

Proof: Decompose / : (A, Ax) ^ (^^Ay) as a product of smooth f : (A',Ax') ^ (^) Ay) and finite 
f" : (A, Ax) —^ (A', Ax')) denote {Z',Az') = (A', Ax') X(y,.Ay) {W,Aw), the fiber product. Then 
we have a commutative diagram 


{Z,Az) {Z\Az') {W,Aw) 


0 

0 

f" ' 

f' 

,1 \ 


(A, Ax) — (A', Ax') (A, Ay) 


Its right square is exact cartesian because f' is smooth, and its left square is exact cartesian by lemma 2.25. 
Therefore f"4>*F = (p*f"F and we deduce the claim from the criterion D.45. □ 


Lemma D.47. If (A, Ay) is a smooth Azumaya variety then T>jy£;/(y_ 4 y)(A, Ax) = F^(A, Ax) = 
^/£:d/(y,.4y)(A, Ax). 

Proof: If F G Ax) then F = F Ax — F (8)^^ f*A y is bounded, therefore we 

have Vfrp^i(^Y,AY)(y-’Ax) C V^{X,Ax)- On the other hand, take any F G Ft^’'^](A, Ax). Since 
A is smooth any G G Ay) is locally quasiisomorphic to a complex of locally projective Ay- 

modules concentrated in degrees [s — dimA, f]. Hence F ZiAx /*0 G Ax) and F G 

^/Td/(Y,yty)(A, Ax). □ 
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